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Abstract—Starting from a model of random nonlinear po- randomly birefringent fiber in Sec. Il. From the nature ofsthe
larization rotations for the effect of cross-polarization modu-  rotations we then derive the statistical distribution a&f frolar-
lation in DWDM systems, we derive the mean distribution of 7 4tion states after nonlinear propagation of a length adrfib
the time-dependent polarization states at an arbitrary lo@ation d sub " ion t tify this distobiti
within an optical link. We show that this distribution is ful ly ana subsequently an expression 1o qu"’_m ify this _'S[_' u
parameterized by the degree of polarization of the particuar Sec. lll. In Sec. IV we then show how this expressionis relate
wavelength channel, and we derive expressions to approxirea to the parameters of the transmission fiber in general, and
this parameter for general optical links consisting of muliple  then make this general expression more precise, startitig wi
optically amplified and dispersion-compensated spans, asell  gimple, short systems in which linear polarization effesttsh
as related power thresholds. From the analytical expressits we as polarization mode dispersion can be neglected in Sec.V
derive a method to significantly reduce the detrimental effets. p - ; . p_ g_ s -

and continue with arbitrarily long systems in which these
effects play a major role in Sec.VI. We compare the impact
of cross-polarization modulation depending on the progert
of the fiber used within the system in terms of the nonlinear
power threshold for the interfering copropagating chasnel
) ] ~and we also show how systems with residual, uncompensated
It has been known for quite some time that the nonlinegtoyp velocity dispersion in each span can significantlyiced

coupling of two or more optical signals mediated by the Kefhe magnitude of cross-polarization modulation in Sec. VII
effect in dielectric media affects not only the phase of ¢hes

signals, but also their polarization state. This effectbdes 1. THE SOP E/OLUTION EQUATION

devices such as Kerr shutters, which combine a pump be&g\eral authors have derived various expressions for the no
and polarization filter to modulate a probe [1], [2]. For §near evolution of a vector field traveling along an optical
long time, this nonlinear polarization rotation was netgelc fiper, including polarization effects [3], [11], [13]-[16We

in optical systems theory, because the components of thgag priefly review the derivation of these expressions and
systems were sufficiently independent of the polarizatiates 5t the same time introduce the notation that will be used
However, with increasing relevance of polarization phenongroughout this article, in order to make our work as self-

ena, especially in the context of polarization-mode disip@r,  contained as possible. Those readers familiar with theestibj
polarization multiplexing, and coherent reception, it base  matter may wish to skip ahead to Sec. Il

under increased scrutiny, both theoretically and expenrtaiky

[3]-[12]. REMARKS ON NOTATION To distinguish two-dimensional
Most published work so far has been concerned witomplex vectors which describe the optical field in Jonesapa

the nonlinear polarization rotation itself, its descptiand from their three-dimensional brethren in Stokes space, ile w

demonstration [4], [6], [9], [13]. Previous contributioaknost use Dirac’s bra-ket formalism, e.@;) = (as,ay,)T, to denote

exclusively took a single pump — single probe approach [4Penes vectors. They are normalized such t{”tdtz) equals

[6], [9], [13]. Very few authors examined it, in the contexthe optical power, wherda| = (a},a}) is the conjugate

of multi-wavelength optical transmission systems, anchthéranspose. Stokes vectors are denoted by bold letters, e.g.

only rudimentary [8], [10]. This is the void which the presenS = (S, S, S3)T, and unit vectors in Stokes space, describing

contribution intends to fill. a state of polarization (SOP), are decorated with a hat, as in
We start by reviewing the equations and approximatios Complex2 x 2 operators or matrices are ornamented with

necessary to derive the nonlinear polarization rotatiams @ macron, such &, except for the (permuted) Pauli matrices

Index Terms—Communication system nonlinearities, optical
fiber communication, optical fiber polarization, optical fiber
theory, optical Kerr effect.
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Propagation in the-direction along a birefringent fiber can bevisualized well in Stokes space, in which the birefringence
described with the vector form of the nonlinear Schrodingéerm induces a rapid rotation of the Stokes vedfoassociated

equation (NLSE) for this envelope, with |v), and defined asv = (v|&|v), around the local
o birefringence axis with a period corresponding to the beat
0:|v) + §‘U> +iABoa |v) length, which in regular standard single-mode fiber (SSMF)
- Ba o is on the order of some meters. The transformation in (7) is
+ (/6100 + Aﬂl") Oelv) = 27@ |v) (3)  then equivalent to a counter-rotation of the coordinatéesys
_ 1 in such a way that this birefringence-related motion isdthlt
- W[<“‘”>‘”> - §(<”|"3‘“>)"3‘”>} =0 for the Stokes vectot] = (u|&|u).

The second term in (3) describes linear attenuation withggow Ve further introduce the common retarded reference frame
attenuation coefficientr. The third term is responsible forWith 7 = — 1z and( = z in order to eliminate thej,-term
birefringence, withAg, = (503 _ ﬁo,f)/Q, in which the from (3) and obtain the following form of the NLSE fclm):

propagation constant expansion terms for the slow and fast o Ba o
birefringence axes are defined as Oc|u) + ABTIGT 0 |u) — Z78r|u>
Butopy () = 0 Biop) (@ 2) @ —iexp(—af)y (8)

i w=wo X {<u‘u>‘u> — 1(<u’TTagT‘u>)TTagT‘u>} =0
whered” is short-hand for%. The birefringence axes cor- 3

respond to the orthogonal eigenvectors of the couplingimatwhere denotes the conjugate transpose matrix and we have
a. The fourth term in (3) describes different group velositieused 0;T = 0 — the birefringence properties are assumed
along the birefringence axes, with, = (61, — 1) /2, and constant in time. In the PMD term, the unitary transform
is the physical cause of polarization mode dispersion (PMO} randomizes the birefringence axes isotropically on the
The fifth term describes group velocity dispersion (GVD)Yoincaré sphere. The unit vec&rpointing in the direction of
which is generally assumed to be polarization-independéhe slow birefringence axis in these transformed coordimat
[18]. We neglect higher-order dispersion to keep the exprds defined via
sions simple — it is straightforward to modify the equations = — AT D .
to include chromatic dispersion of any order, assuming such T'(:)e()T(z) = (=) - 0 ©)
higher-order dispersion to also be polarization-indepand whered is again the Pauli vector. The transformed nonlinear
The final term in (3) expresses the Kerr nonlinearity in vectéerms are rapidly changing due f, and since the Kerr
form [11], in which+ is the fiber nonlinearity coefficient. All nonlinearity affects the signal only over much larger dists,
coefficients and the coupling matrix are generally fundioh these terms may be averaged to arrive atNtemakov PMD-
the propagation distance even if not explicitly noted to keep equation[3], [11], [16],

the expressions concise.

-
We now make the transformation Olu) + AﬁﬁlT aT 0, |u) . (10)
. 92 09 ' _
lu) = (AT) '|v) (5) —i5 0z |u) —iexp(=a¢) g (ufu)|u) = 0
with We now make the assumption tHat> comprises a number of
o narrow-band wavelength channels Of those we will then
A(z) :eXP[—gz} (6) concentrate on the impairments within a single chanmel
B z (which may be called the probe channel) which are caused
T(z) = exp [—Z/ AB () & () dC] (7) by the other (interfering) channels# p. We can expand the
0

DWDM optical field as
With A we eliminate the attenuation-related term from the N

NLSE (3), and the unitary transformatidh eliminates the . .

birefringence term. The integral expression is a resulthef t ’u(<’T)> B Z’u”(C’T» P [zAw”T]
spatially varying nature of the birefringence axes, as esged
by &(z) and the birefringence strengthj3y(z). It has to

(11)

v=1
in which Aw, = w, —wqy. The nonlinear distortion in channel
be understood in a symbolic fashion, as developed in [1 can _then be determined by expanding the triple product in
because the operato#sz) do not commute and thus cannof10) with (11)
be integrated in a straightforward manner. A formal expogss wludlu) = wp Y, ) explidw, 7 12
for T(z) can be obtained by expanding the integral in (7) into < | >| > ;;gx n| #>‘ > p[ ! } (12)
a Magnus series and integrating the resulting expressioj [%n which
[21]. Such a treatment, however, is not required in the scope
of this work because we do not care to know the absolute
polarization state of the signal in the laboratory refeeend\Ve definew, to be the center frequency of the probe channel,
frame of|v>. In polarization-maintaining fiber, in whicé(z) so that Aw, = 0. We further neglect four-wave mixing
is constant and thus commuting, we would obtain the simplEWM), assuming the phase-matching conditions to be poorly
expressiorI'(z) = exp[—iAf; oz]. The effect ofT can be fulfilled in any non-zero dispersion fiber, by demanding that

Aw, = Aw,, — Awy, + Aw, (13)
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either Aw, = Aw, or Aw, = Aw,, leaving only terms a rapid random fluctuation which will be different for any
corresponding to degenerate FWM. In order to concentrate on# 7. We assume relevant optical receivers (which may
the nonlinear transmission effects, assuming the distwstdf include PMD compensators or polarization demultiplex&ss)
linear origin to be recoverable, we choose the probe chanbel able to follow the common polarization rotations which
to be unmodulated, continuous wave (CW). This removes thbange only on the time scale of PMD, as would also be
GVD and PMD terms — for the probe channel only — fromequired of them in the absence of XPolM. We are therefore
the Manakov equation (10), and we are left with evolutioanly interested in the rapidly fluctuating part in parendses

equation for the probe fieI@,,), of (18) — this is the source of any detrimental effects due to
5 , _ 14 XPolM, as receivers will not be able to adapt sufficientlytfas
clup) —iexp(—ad)y \ , (14) "t these rapid polarization state fluctuation. With thisegtiye
% {<Up\up> +Z(§ (uy ) + 5U,- 5)} |u,) =0 in mind, we define a transformed SOP
S NN X=R'-T, (19)
SPM XPM XPolM

in which v — %7- The terms corresponding to self-phas@"th the Stokes space rotation transformation

modulation (SPM), cross-phase modulation (XPM) and cross- _ ¢

polarization modulation (XPolM) have been identified in )14 R(() = exp {/ E[Ss(&,m)]x d¢ (20)

It is noteworthy that in the (averaged) Manakov regime, XPM 0

acts with an efficiency of 3/2 relative to SPM. We have usetffsetting the nonlinear polarization rotation common liora

[17, (3.9)] with [17, (3.7)] to transform the XPolM term into@nd wheref[Sx|x is the crossproduct operator as defined in
this particular product form. In (14)J, is the Stokes vector [17, (4.8)]. Here again, the operator described by the faleg
corresponding t0|uu>- We now transform (14) into StokestO be understood symbolically, with a formal solution ob&ad
space using the correspondence between [17, (6.4)] and [2Y Magnus series expansion, similar to (7). And again, we are
(6.8)] and noting that the SPM and XPM terms cause onfipt interested in the absolute SOP in anyApredefined referenc
phase changes, which are not reflected in Stokes space. f(ggne, but only the the relative probe SOE and therefore

are then left with the concise form do not need to perform the expansion. Inserting (19) intg (15
R R yields the XPolM evolution equation
9:0,(¢,7) = Ss(¢.7) x U, (¢, 7) (15) - -
i which X OR(G,7) = (85(¢,7) — E[Ss(C. 7] ) x R(G,7) @Y)
Ss(C,7) = Z S, (¢, 7) (16) In the following, we replace& by z andr by t.
=

IIl. STATISTICAL DESCRIPTION OFSOP R UCTUATIONS
corresponds to the sum of all (scaled) Stokes vectors, iq%o .

which the nonlinearity and attenuation coefficients havenbe. we consider fqr a moment the_ probe SOR{z,t,) as
absorbed: independent particles on the unit sphere, then (21) de-

scribes a random motion unique for each particle. Because
S,(¢,7) = U, (¢, 7) 7 exp(—a() (A7) (Ss(z,tn) — &[Sx(z,t)]) will vary with = as a result of the
. , various linear and nonlinear propagation effects, theitiomo
UP = U,/|U,| denotes the SOP in Stokqs space,.and will comprise unique sequences of random rotations. The
is the vector norm, or length. The evolution equation (135pg are thus very similar to Brownian particles undergoing
describes a rotation in Stokes space of the probe BOR, 7) 5 giffusion process on the Poincaré sphere. Hence, we may
around the Stokes vector su((, 7) with angular velocity, co this particular effect of XPoIMSOP diffusion

or rate,dcy = [Sx(C,7)|. The (N — 1) vectors constituting  pigrsion processes on the unit sphéhave been exam-
the sum are random quantities whose length and orientation oy 45 early as the 1950s, and the resulting class of distrib

dete_rmmgq by data modulation, attenuation, GVD, PMD, ?rf%ns is namedrownian distribution(or sometimeskoberts-
nonlinearities, among other_s_. In general, they may haveex i Ursell distribution after their discoverers) [22]. Roberts and
average value at each positignaround which they ﬂUCtuate'UrseII modeled a process consisting of a large number of

We can then separaf: (¢, 7) into that time-constant averageyjscrete, randomly directed, independent steps to arrive a
and a fluctuating part, their limit distribution, which is given in terms of colatitle
Sy (¢, 7) = S[Sz(C,Tﬂ + (SZ(CaT) -~ 5[52(4,7)}) (18) fe anc_i azimuthp on the unit sphere by the probability density
unction

in which 5[} is the statistical average over a short amount 1 &

of time that we consider, some orders of magnitude longer p(9,0,V) = e > C(p, V) LP,(cos ) (22)
than the symbol duration. During this time the PMD-related T =0

quantitiess (¢) andAp;(¢) can be assumed time-invariant, as :
has been implicitly done in all preceding expressions. E§) ( in which
then describes two separate phenomena: a common (noflinear

_ —p(pt1)
rotation of the probe channel about the m&a8x (¢, 7)| and Clp V) =@r+1) eXp( 4 V)



3742 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 27, NO. 17, SEPTEMBER, 2009

andLP,(-) denote the Legendre polynomials of integer order 25l
. A parametert/ describes the total variance of the random
walk and fully quantifies the distribution. In Sec. IV we show
how it can be determined from the various properties of ti 20r
transmission fiber. The distribution is normalized suctt tha % s

2w 'g

//p(¢,9, V) sinfdfdp =1 (23) =

o 10}

00 8
Sincep(¢,0,V) does not depend on the azimuth it must g 05k
be symmetric about thé = 0 axis. ForV = 0, we have
p(¢,0,0) = §(0), i.e. the distribution is concentrated in the ook
“pole”, and for V' — oo, the distribution approaches the ' T e T
uniform distribution onS2. 0.0 0.2 0.4 0.6 0.8 1.0 1.2

The continuous motion of the SOPs described by (21) can be SOP displacemert) [rad]

approximated by the stepwise rotations of Roberts and Ursel

; ; ig~1. shows the distribution of the angt from (26) for 100 randomized
by Iettlng the step size approach zero. However, because Elrrgleulation runs with2'® samples each (symbols) and the Brownian distribu-

vector_s ConStitUtin_g the rotation axis do no_t C_h_ang_e @by tion (lines). Both have an ensemble-averaged DOP @t 0.94. The system
fast with propagation along, many of these infinitesimal SOPsetup in shown in Fig. 2 and the system parameters are degdribTable I;

rotations will be correlated. We will show that it is the nagu (e dispersion map has a residual dispersion per span &miiv@ 25km
. . L. . transmission fiber. Inset shows logarithmic scale.

of this correlation, and hence the statistical propertiethe

interfering channels, which determine the variance patame

V. S , S with Xy = X(0,t) (the precise expression for modulated
Also, the Brownian distribution (22) is the distributiontime  o,annels uses the Stokes vectors instead of the SOPs). The

limit of many independent, isotropic steps. If the lengtiov 1,aa probe polarization is fixed X, everywhere because of
which the individual rotations are significantly correlhie not (19). Multiplying both sides byK, yields

much smaller than the system length (as e.g. in short systems

or systems with resonant dispersion maps), the converggnce DOP(z) = &£[cos O(z, 1)) (25)

the true SOP distribution to the Brownian may be incomplete..
. . - Wéth

However, due to the complicated expressions arising for t 0 _g % 26

SOP distribution in such systems, we defer a more exact cos O(z,t) = X(2,1) - Xo (26)

discussion and in the present article assume the validity Pfie random variabl® corresponds to the displacement angle

the Brownian distribution (22). _ of the SOPX from the initial SOP. Fig.1 shows a typi-
In order for the motion of the SOP “particles” to becal ©-distribution, which was obtained with numerical field
randomly directedon S?, we need the rotation axi€Sx. — simulations (cf. Table | for an overview of common system

£[Sx]) to be distributed symmetrically about the mean profgarameters used throughout) and is shown with a fit to the
SOP everywhere. This is fulfilled for the practically releva grownian distribution.

cases of parallel, pairwise-orthogonal, and randomlynm8d  since the Brownian (22) describes the distribution of the
launch, albeit only in the statistical sense of fi@arization sOPs in the sense of the polarization ensemble, but (25) only
ensembleHence, the Brownian distribution (22) describes thgescribes the DOP of one member of the ensemble, we must
SOP distribution in the sense of the ensemble of all syste@gerage over the DOPs of all ensemble members, to be able

with the same statistical properties. to relate both parameters,
In the context of PMD this ensemble is often defined as the
collection of all possible combinations of the PMD paramete D(z) = <DOP(z)> (27)

o(z) andAp; (=) at each location in the fiber. Here, we extend
the ensemble to include all possible initial interferingaoh
nel SOPs, as well as pseudo-random bit sequences, syrﬁl:?ﬂ
timings, and relative phases — everything that might atier gthe

Combining (27) with (25), we can now equate the expecta-
value ofcos @ from the Brownian distribution (22) with
global DOP, and obtai® in terms of the parametér:

evolution ofSyx(z). The time duration of an ensemble member 2m
is the averaging period defined féf-], and to differentiate D(z) = // cosf p(¢,0,V) sinf df do
averages over all ensemble members from time averages, we 00
denote the former by:). V()
We now want to relate the somewhat abstract and unmea- =P (_ 2 > (28)

surable parametdr to a more accessible quantity, the degree .
of polarization (DOP). Since our probe is a CW channel, WVé/here we made use of the orthogonality of the Legendre

can aporoximate the DOP verv well by writin polynomials to arrive at the concise form of (28). Hencerehe
PP y y 9 exists a bijective relationship between the DOP &hd- we

5[5((2,75)] ~ DOR(z) X (24) can thus directly compare a physically measurable quantity
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TABLE | (N-1)x NRZ
COMMON SYSTEM PARAMETERS USED IN SPLITSTEP SIMULATIONS AND .
THEORETICAL PREDICTIONS(WHERE APPLICABLE) UNLESS NOTED

OTHERWISE

bit rate | 10 Gbps M / DCF  OA E
sample rate| 2.560 GSps mi U JKD_%_D:_ M 4@
modulation format| NRZ x| | SMF v |u
MUX filter bandwidth | 25GHz [ —— N
PRBS order| 12 10x
channel spacingl 50 GHz
number of channelsv | 11 :
average power per channel 4 mwW

span length| 100 km Fig. 2. shows a schematic of the optical transmission systém 100 km

GVD parameter| 16 ps/nm/km spans in which wavelength channels are arranged on a 50 GétlzAgrcu-

PMD parameter| 0.5 ps/knt/? mulated GVD is fully compensated at the end of each spanssneted
fiber attenuationr | 0.2 dB/km otherwise.

nonlinearity parameteyy | 1.31 (W km) !
number of iterations| 100

correlation of the Stokes sum is assumed to be negligible. We

) ) ) ) ) _then write for the optical fieIdsfsu,,) in (11),
obtainable in experiments and simulations to the analytica

results which are obtained in termslof Exactly how to obtain |, (2, 1)) = B(Aw,, 2) exp[idw, Aty (2)] |u,(0,2)) (31)

the latter is the concern of the next section.
where

V. ESTIMATION OF XPOLM MAGNITUDE At,(z) = /Ozﬁl (¢, Aw,)d¢ = Aw,,/ozﬁg(g)dg (32)

To relate the discrete theory of Roberts and Ursell to t

continuous process described by (21), it becomes necessary z R

to properly unify both theories and notations. This is dame i B(Aw,,z) = exp [—iAwu AB1(¢) 2(C) - EdC} (33)

the Appendix, which derives a relation between the paramete 0

V and the variance of the Stokes vector sum (the rotation axig)to be understood in a symbolic manner, similar to (7). We
S» as used in (21): can rewrite (31) as

z 1/( 7t) = B(A Vs ) V(O,t+AtV) (34)
0

We have integrated (10) at the channel carrder, under
) ) the assumption of a signal envelope unaffected by either GVD
Herein, the function or PMD. The exponential term in (31) describes a residual
_ group delay which causes a time shift of the signal in the
Cnlz1,22) = <5[SE(21’LL) Sx(a2,1)] (30) reference frame of channel The operatorB describes a
— &[Sx(21,1)] .5[52(22’t)]> residual birefringence af\w, due to PMD. Essentially we
argue that the influence of the inter-channel consequences
is the ensemble-averaged autocovariance function (ACoi/F)of GVD and PMD is much greater than their intra-channel
the random vector process:. counterparts (leading to pulse distortion and depoldaant
This simple form of (29) requires th&8: itself be isotropic,  To verify these assumptions for the class of systems of
and not only symmetric as required previously, as outlingatesent interest, we performed numerical simulations of a
in the Appendix. Strictly, it is therefore only valid wheneth typical optical transmission system as shown in Fig.2. A CW
DWDM channels are launched into the fiber with randomrobe channelis spectrally surrounded by a number of 10 Gbps
polarizations from a uniform distribution on the Poincar®lRZ-modulated interfering channels, and is propagatenigalo
sphere, or have propagated sufficiently far — further than th number of spans with full inline GVD compensation, in a
polarization diffusion length [15] — to have lost memory ofvorst-case scenario for inter-channel nonlinear effe2gy.|[
their initial polarization. For non-isotropic launch poiations The system of Fig. 2 will serve as our model system through-
such as parallel or pairwise orthogonal, the fa@@3 in (29) out the remainder of this article.
becomes a function of; and z, which takes its asymptotic Figs.3 and 4 then show some numerically obtained exam-
value of 2/3 only when z; and z; sufficiently exceed the ples of the ACovF<C,(z; = 0,29) for a single interfering
polarization diffusion length [15]. channelv, in a single span and at the beginning of successive
To calculateV, we need to find the various stochastispans, respectively. Fig.3 compares the effects of rekidua
properties of the Stokes vecto®s, contributing to the sum group delay (“walk-off”) and GVD with pulse distortion
Ss.. To be able to do this in closed form, we must make son{é§sVvD”), and additionally with PMD and nonlinearities. The
simplifying assumptions about the propagation of the fieter exponential attenuation term from (35) is shown for refegen
ing channels. First of all, we shall neglect nonlinear dtsdos The results for “walk-off” were calculated by simply time-
in the interfering channels, as the associated changesein shifting the signals. All other data were obtained by sgiép
signals build up only over long distances, for which the ighat simulations. The plots in which PMD is included are averages
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number of propagated spans
g ro e exp(—azz) 0 2 4 6 8 10
.g =—= walk-off 10F ; T T T T T T T T T T
= osf 6 GVD LN 0.5ps/ vkm
5 bN X GVD+PMD+NL F \
o X\ 8 0.5 AN
% 0.6 - = i LN
o I ~Bo__
© S 00 e -
D 04l > bt
@ O0d4r R X, T o 1.0
N - O L -~
S ! B B 0.2ps/ vkm
S 0.2 = [ 3\\3~~
S : T 0.5 SR~
o [ [ S—
[ o o 3 - —
& R g i °© o ETm-—-
0.0+ 52\335 8 2 3% B 3% % BB 30 r_—u 0.0+ o
I . I . I . I R 1 = 1.0 } } } + } } + }
0 5 10 15 20 = N
; ; 2 - i %__%&“%“*&‘“&—-&__
SSMF propagation distancg [km] I H By
0.5F o &

Fig. 3. compares ACovFg€, (0, z2) of the Stokes vector of a single - 0.1p§/v km ° o,
interfering channel, which were obtained numerically wdifferent degrees 0.0 B
of sophistication (see description in the text) fatw, =27 - 50 GHz (solid ’ 1 I I I I I
line and associated symbols) add - 100 GHz (dashed line and associated 0 200 400 600 800 1000
symbols). The results for “GVD + PMD” are indistinguishatitem “GVD + SSMF propagation distance [km]

PMD + NL". All ACovFs were normalized to the mean optical p P,|.
Because of the bandlimited, non-square pulse shape (&ft insFig.5), all

ACovFs have an initial value of 0.925, the normalized pulagance. Fig. 4. compares ACOVFE, (0,22) of the Stokes vector of a single

interfering channel at\w, =27 - 50 GHz for different fiber PMD parameters
Dpwmp at the beginning of each of 10 consecutive spans. Crossediandnds
are averages from 1000 linear simulation runs — evaluatiegmehannel SOPs
of an ensemble of 100 randomly generated systems. Tdmy (constant envelope assumption, crosses), and aaalijcncluding pulse

difference between the “walk-off” results and the full-tagal distortion and depolarization due to PMD (diamonds); eschre average
values of 500 nonlinear simulation runs at 6 dBm channel pod@ovFs are

field S'mU|at'_onS is small enoth to JUSt'fy our apprQX|maB. normalized to mean optical powé‘v{Pl, . Dashed lines additionally show the
For short single-span systems we may even disregard tgonential decorrelation derived in Sec. VI.

contribution of residual birefringence as a consequence of
PMD.

The systems in Fig. 4 used full (lumped) inline dispersio B .
compensation to cancel the dominating influence of GVD Su(zt) = exp[—az] B, (t + A) S, (2) (35)
at the end of each span. The span-to-span reduction of Ttee P, are determined by data modulation with pseudo-
ACovFs values in the linear plots of this figure is due teandom bit sequences. Propagation alenigtroduces a time
uncompensated PMD alone, which can be split into the inteshift only, but no waveform distortion. The SOBs evolve as
channel residual birefringence and the intra-channel PMR+esult of the random residual birefringence (33) in msjtian
related pulse distortions / depolarization, which are shew systems. Thus, both generating processes (modulation/GVD
diamonds and crosses, respectively. Since there is Wrtnal and PMD) are stochastically independent of one another and
difference between them, we are confirmed in our assumptican be separated as above.
(34) of a constant envelope. However, in multi-span systems Inserting (16) in the autocovariance function (30) results
residual birefringence can no longer be disregarded. Theecuin an expression wit{ N — 1)? terms, whereN is the total
for its analytical description, also shown in the figure, isumber of channels. However, because the data modulation in
derived in Sec. VI. different channels is mutually uncorrelated, all crosaruoiel

The circles in Fig.4 mark the ACovFs values when th&rms vanish when taking the expectation and we can separate
interferers are allowed to evolve nonlinearly, using 6 dBnhe contributions of the individual channels:
launch power per channel. The additional nonlinear ACovF
decorrelation is due to nonlinear pulse distortion and XRol Cnlz1,22) = ;C”(zl’ 22) (36)
\évr:];%?]elr bitr:ﬁghi?ﬁ;;esrﬁ;e;ns 3vﬁeelf tSEVr;(:: t(r)]glggtho itﬂlznprs(%riwhich the single-channel ACovFs are defined analogously
very dramatic when the residual birefringence is not lar 8(30)’
enough to dominate the ACovF, the configurations in which ¢, (2, z,) = <8[S,,(z1,t) -8, (22,1)]
it becomes significant (e.g. high power at low fiber PMD)
exhibit very large XPM- and XPolM-related distortions and — &[Su(21,1)] -E[SU(ZQ,L‘)D
are unlikely to be used for polarization-sensitive appiares
in practice.

ﬂave

37)

We have reduced the task of finding the stochastic properties
of a vector sum to one of finding the properties of single-
Using (34), we can write the Stokes vec&ras the product channel data modulation and residual birefringenceadlat
of two stochastic quantities: the normalized optical pow&OP evolution. We will begin by examining short, singlesspa

P, = (uy|u,) = |U,| and the SORS, = U, /P,. We then systems in which we may neglect the latter.
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V. SINGLE FIBER SPANS o 1s
In very short systems or systems comprising a single, unard-
o : . . . , R
plified span of fiber, nonlinear distortions occur mainlyhirit =
the effective length 3 lor
[S]
1 —exp(al 1 =
Lt = L-ewpfal) 1 38) = sl
[ « S
of a span of lengthZ, for which typical values are on the §
order of 20 km. Within this short length, polarization effec © L
generally do not play a role (as was shown in Fig. 3) unles§
the fiber has an exceptionally high PMD coefficient. We caf
thus assum@ =1, the identity matrix, and the SOR%,(z) —05F
of the interfering channels in (35) to be constant, such that ! s ! ! s !

S,(z1) - Su(z2) = 1, and upon inserting (35) in (37), we 0.0 0.5 _ 1"0 1.5 2.0
obtain the simplified ACovF propagation distancéz / Lwo,
relative group delay\t, /T

Co (21, 20) = 72 exp [—a(zl + 22)] . Cl\fvo(zl, 29) (39)
Fig. 5. shows the numerically obtained ACog®(z, z+A~z) related to the

with walk-off between two wavelength channels for different mlation formats.
The solid grey line represents the square NRZ approximadiodl1). All

WO _ 2 ignal lized 6| P, |; inset sh i ignal sh f
CWO(zy, 29) = E[P,,(t) P,(t+ Atl,)} _ 5[Py] (40) :%nla(\)i 2;233;21: ize [ } inset shows corresponing signal shapes for

in which At, = At, (21, 22) is the group delay accumulated

betweenz; and z,. Its definition is given in (32) with the . . .
integral limits replaced by, andz,. The label “WO” denotes The ACovF of the constant-power differential phase-shift

that this simple ACovF is determined solely by thalk-off I:eylpg.éDF;SKl)l pulse Frat'g (as obttalr;ed W'lth a phasex_modula—
between the probg and the interferer. In writing (40), we _ﬁ? IS 1den 'C?hytzgg’s"ll egolnst a:jn (;nve olpe_atppfro loma i
have used the property that the, are independent of the IS means tha -modulated channeis Interiere signifi-

polarization properties to replace the ensemble averagdes cantly less than NRZ signals — usually only after the signal
by their arguments. has become severely distorted, which occurs mostly when the

ﬁignal power is already attenuated considerably at the end

Because the data in each channel is statistically randasn, t 7
ACovF must per definition become zero when the accumula ]:jthe span. _The periodic pulse shape Of. RZ-DPSK results
an oscillating ACovF which has a net integral of nearly

time shift equals or exceeds the symbol duration (in tHe

absence of pulse overlap) for simple NRZ modulation. T ero. Thus, for systems_wh|ch_are at least se_veral walk-off
ACOVF €O of an NRZ pulse train can be well approximate ngths long, RZ-DPSK interfering channels will also résul

by a simple expression valid for rectangular pulses. lirggrt n less XPolM than NRZ. Finally, the ACovF of carier-

: . : ) . . suppressed RZ (CSRZ) — much like the pulse shape itself —
Itihr:cseapr:;/lsc(iaeirr]s;:e?tf?o(rﬁoi 3t/(|)elc§i.s a closed-form solutionchi is a combination of the NRZ and RZ-DPSK ACovFs, with a

net integral greater than zero. Like all amplitude-modadat
Az it Wi i ignifi
oo _ £ln] {1 _ ﬁ \Az\ < Lwow 41) formats, |t- will contribute significantly to )-(PO||\/|. |
0 \AZ\ > Lwov For arbitrary pulse shapes, such as signals predistorted to

compensate for GVD, we can determine an ACovF matrix
numerically by propagating a single channel linearly, rdgsy

T only chromatic dispersion (of arbitrary order). This alowas
1Ba] Ay (42) for more precise determination of XPoIM in DPSK systems

2 v or systems with large accumulated GVD by accounting for
at which At, in (32) equals the symbol durationTs. the (intra-channel) pulse shape distortions that occurtdue
This simple relation can greatly decrease the time requir@V/D. Similarly, pulse shape distortions due to PMD may be
to calculate the integral (29) and has been used throughadtounted for with reasonable effort by performing mudtip!
the remainder of this work to analytically determine theuns with random PMD and averaging the results, as done
depolarization in NRZ systems. in Fig. 3. However, such means are mainly relevant when the

By using Lwo, we can formulate th€!Y© independently of walk-off-related ACovF, and thus the nonlinear depolaiirg
frequency separation and symbol rate. The true shape of theegligibly small.

WO
function C*® will depend on the shape of the pulses used to The ACOVF (40) can now be inserted into (39) for each

modulate the data stream onto the respective carriersb Figh : .
: . terfering channel. These are then summed over as in (36)
compares numerically obtained ACovFs for several popular

modulation formats. The functions were generated by timapd integrated (29) to obtal, from which we can determine

shifting a sample pseudo-random bit sequence sequence gfdepolarlzatlon according to (28).

the respective formats and then calculating (40). By inspecting (40), we realize that!’© scales with the

in which Lwo, is the characteristiwalk-off lengthfor channel
Vl

Lwoy =
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square of the optical power. This power-square dependencéirst, we identifyS, (z;) from (45) with the initial SOPX,

is then also true (if the optical power is equally increased (24) andS,, (z2) with the final SOPX (z, t). Because, (z)

in all interfering channels) for the total ACowls; and thus evolves from@,,(zl) with a large number of random rotations,
the variance parametér, from which the depolarization is we deduce thaﬁ,,(zg) will be distributed according to the
determined . This is generally valid also in multi-spaneyst, Brownian distribution (22) centered (ﬁ),(zl). The expression

which are examined next. for the depolarizatiorD in (27) then corresponds exactly to
the ACFC3°(z1, 22) as defined in (45), and we can assign a
VI. M ULTIPLE FIBER SPANS variance parametédr>°F to this distribution, so that

In multi-span, optically in-line compensated transmisssgs- VSOM(2y, ZQ)) (46)

SOP, _
tems, we extend the attenuation-scaled, nonlinear caaffici €7 (21, 22) = exp (_ 2
in (35) to include amplifier gairy(z), and define the power-

weighted nonlinearity analogous to the diffusion of the SOB& on the Poincaré

sphere due to XPolM in (28). We can determiig®°” from
_ - - the integral (29) by finding an appropriate expressiondor
I'(z) = — d 43

(2) =yexp [/0 {g(C) a(()} C] (43) the ACovF of the random rotation axis. By transforming the
where we assume andg to be independent of channel index”MD-rélated term of the Manakov-PMD equation (10) into
v. Should this assumption not hold (e.g. for a non-flat EDFRIOkes space and frequency domain, we obtain the evolution
gain spectrum), one may define a separdféz) for each €duation for the SO, (z)
DWDM channel. 8.8,(2) = Aw, ABL(2)Q(2) x S, (2) (47)

Also, the chromatic dispersion accumulated within a fiber N N ) )

span is usually fully or partially compensated at the end dfis identifiesAw, AB,€2 as the random rotation axis, and
each span. Hence, the the ACo@©(z,,z2,) can remain We have
comparatively large even when andz, describe locations in 9 22
different fiber spans. We can then no longer neglect the @hang VSOR(2y, 20) = 5// CH(Cr, Co) dCy dio (48)
of the polarization state§, (z) betweenz; and z, due to o
the residual birefringence when calculating the autodenae with
functionsC, (21, z2) andCx(z1, 22) of the Stokes vectors. We
thus insert the unabridged (35) in (37) to obtain C ¢, G) = Aw?,<Aﬁl (C)Q(G) - AB (Cg)ﬁ(<2)> (49)

Cu(21,22) = T(21) - T(22) - CW¥O(21, 22) - C3%%(21, 22) (44) In [26], Gordon identifies the term in angle brackets with

R6(¢1 — (o), provided that the fiber length is much larger

SOP & a than the fiber autocorrelation length, wheReis a diffusion
€7z ) = <S”(zl) S”(Z2)> (45) " constant and(-) is the Dirac delta function. Inserting (49)
where we have made use of the statistical independengg ofinto (48), we then obtain
and §,,. z2
The SOP autocorrelation function (ACESCP describes VSOPL, 2p) = 2// AW R3(C1 — Co)dCr dGs
v Y 3 v

with

the statistical correlation between the SOP of channeit

z1 and z,. Formally, the reason for a decorrelation is the 9

residual birefringence term in (34) — it describes a series of = ZAW? <A72(zl, 22)> (50)
rotations around the spatially varying local fiber birefémce . . 3

vectors €. A characteristic length describing the distanct’ which [26]

over which t_he birefringence ori_entatidAm varies is the. fiber <AT2(21’ 22)> = Rz — 2] (51)
autocorrelation length, “over which an ensemble of fibells, a

of which initially have the same orientation of the axes df the mean-square differential group delay (DGD) of therfibe
birefringence, loses memory of this initial orientatiorf’5]. Segmentzi, z2]. We further have [27]

This length is usually on the order of only several hundred 3Ir 9
~ 2 _ A )>
meters. The SOB,, thus undergoes a large number of random <AT (21, 22)> 3 < (21, 22
linear rotations which lead to a certain statistical deglation 3T
within Az in the ensemble average. -y Dgwp |22 — 21| (52)

Karlsson has given an expression from which the ACovfy which Dpyp is the more common fiber PMD parameter.

C2°F can in principle be derived [24], and Wai and Menyulpefining an SOP decorrelation length of channel
have also derived a corresponding expression by means of 3

stochastic differential equations [15]. We may also obiaas Lson = —v—575—
a limiting case of the analysis in terms of spherical harro®ni mAw; Devp
performed by Ueda and Kath [25]. However, since we hayge SOP variance paramet&®°” of channelr can be ex-
already established a framework to deal with random ratatiopressed as
on the unit sphere within the previous sections, we will show
how to apply our model to obtain the SOP decorrelation ACF.

(53)

VSOP(Zl, 22) =2 M (54)

Lson
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Fig. 6. DOP vs. number of propagated spans for different 3D values GVD parameter [ps/nm/km]
for the optical system of Fig. 2 and Table I; symbols denateuation results
and lines denote analytical predictions. Fig. 7. nonlinear threshold for NRZ interfering channelsotatain D =

0.90 in the probe channel as a function of (normalized) disparsemgth
Ts/(|82] Aw) and PMD lengtt8/(r Aw? D3, ), corresponding to the walk-

i SOP ; ; off and SOP decorrelation lengths for neighboring chan(eflg42) and (53)
and we obtain the ACOVE” reSU|t|ng from PMD with the in the text), respectively; bottom and left axes denote &lated fiber GVD

help of (46) as and PMD parameters for channel spacifg = 27 - 50 GHz and symbol

durationTs = 100 ps.
SOP,
C>% (21, 22) = exp( )
Lsop

(55)
Using CSOP from (44) should give a good approximatiorf"nitsf) can be easily_ converted to any other DOP vdluby
for the ACovF in multi-span systems which can be used fgaking use of relation (28) to obtain

estimate the nonlineay’ parameter and the DOP reduction InD
for arbitrary fiber systems. NLT(D) =/ {7099 NLT (0.-90) (56)

To test the preceding theory, we compared its predictionswdere In- is the natural logarithm and NLT(0.90) is the
numerical simulation results for a number of different syss nonlinear threshold for a mean DOP of 0.90 from Fig.7.
(cf. Fig.2 and Table 1). The dashed lines in Fig.4 shoWence, the NLT values foD = 0.97 will be nearly 3dB
CSOF(0, zy) for the respective systems, which closely matclower than those plotted in the figure. As can also be seen,
the linear simulation results, as expected. Fig.6 shows tlev-PMD NZDSFs are affected significantly more than older,
corresponding evolution of the probe channel DOP reductitigh-PMD SSMFs and thus have NLTs which are lower by
with the number of propagated spans. As expected, XPokout 5dB.
is more pronounced in low-PMD systems due to the slower-From Fig.7 we also recognize that the NLTs for those
declining ACovF for these fibers, leading to larger values ebnfigurations of Fig. 4 in which the nonlinear influence oa th
V. The discrepancies in Fig.6 result mainly from assumir§CovF is significant, namely low fiber PMD, are sufficiently
linear propagation of the interfering channels. As mergibn low to largely remove that influence, improving the analgtic
before, configurations in which the difference between theoestimate.

and simulation becomes significant are unlikely to be met in From the way the walk-off related ACOVR&"® in Fig.5
pracchI XROIM-senS|t_|ve applications, due tq the vemgé depend on the accumulated time shift, we can directly deduce
SOP d|stort|ons dgscrlped by the cqrrespondmgly low DOP$ method to decrease the impact of XPolM in amplitude-
accompanied by significant phase distortion due to XPM. 0 4 iated multi-span systems: making the average accumu-
lated time shiftA¢, larger will decrease the corresponding
VII. A PPLICATION CWO(z1, z9). Therefore, avoiding resonant dispersion maps —
We now use our model to estimate the relative impact sfich that the time shift is zero whenevar and z5 corre-
XPolM as it depends on various parameters of the transmissgpond to fiber locations at the beginning of different spans,
fiber. Fig. 7 shows the nonlinear threshold (NLT), defined aghere the optical power is high— by leaving some GVD
the maximum fiber input power of the interfering channels toncompensated in each span (residual dispersion per span,
obtain an average DOP of 0.90 in the probe channel, after RDPS) can reducé” significantly. As a rule-of-thumb, the
spans in a resonant dispersion map versus the GVD and RBPS should correspond to about one walk-off length of the
PMD parameters. As we have noticed previouslyincreases interfering channels closest to the proligyo,+1), or more.
with the square of the mean powé[Pl,} of the interfering This fully decorrelates the Stokes vectors at the beginoning
channels. Thus, assuming the mean power to be the sameefach span and thus reduces the accumulation of variance over
all channels, the threshold powers given in Fig.7 (in lineaeveral spans. Fig.8 shows the improvement obtained for the

||
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values; setup is the same as in Fig. 6, but with residual igpe per span
of 400 ps/nm; symbols denote simulation results and linemeanalytical frequency offset from prob&w, /27 [GHZ]
predictions.

Fig. 9. relative variance contribution of 10 Gbps NRZ ingeirig channels

after 10 spans, depending on their center frequency separfiom the

. . . robe for various PMD parameters: resonant dispersion mapdom launch

systems of Fig.6 when Ieavmg an RDPS correspondlng ggarizations (solid lines), residual dispersion per sp&400 ps/nm / random

1.6 Lwo(p+1)- As can be seen in the figure, the decorrelatidaunch (dash-dotted lines), and resonant map / (anti}pataunch (dashed
between spans introduced by RDPS can significantly suppr@!ﬁ)?v values are normalized to 0.5/¢km, resonant map / random launch

the XPolM degradation, especially in low-PMD systems in S0 GHz.

which the ACovF is normally correlated over many spans.

, . . L 1.00
Another benefit of the analytical model is an estimation of

the relative impact of XPolM caused by the various interfgri 095k 4
channels. This impact is compared in Fig.9 in terms of the L
parametef/, for a single 10 Gbps NRZ interferer, depending og90l &
on the frequency separatiahw, between this interferer and o :
the probe. To obtain these curves we made use of the ACO\LDBS 0.85
(41) and (55). One can see that the immediately neighboring i

channels will have the largest impact on the tdtahnd that 0.80 |-

spectrally distant channels will have a comparatively $mal I —e— 0.1ps/v/km
additional impact. This is shown in a different manner in 072 x o= 0.2ps/v/km
Fig. 10, which displays the DOP reduction as a function of I —o— 0.5ps/vkm
the number of interferers (filling the spectral slots forne th ~ *7° R T e
probe outward) as obtained with our theoretical model. We 0 10 20 30 40 50
can observe how the impact of XPolM increases quickly number of interfering channelsV — 1)

for the first few neighbors and then starts to saturate. It

would be difficult and time-consuming to obtain similar riésu Fig. 10. DOP vs. number of interfering channels for différéber PMD
with numerical simulations due to the enormous Simulatiovﬁlues for the optical system of Fig.2 and Table |, obtainedldically.
bandwidth required.

From Fig.9 we can see how the XPolM impact increases
with lower fiber PMD, and how RDPS almost equalizes the
impact of all fiber types. Also shown is an analytical estienatn the present contribution we derived the statistical baira
of the benefit of launching neighboring channels with ortho@f a probe channel under the influence of cross-polarization
onal or parallel SOPs — corresponding to (anti-)parallek€ modulation from a large number of interfering channels unde
vectors. Such launch constellations can suppress spgctralmost arbitrary conditions. We have made extensive use of
close interferers, especially when fiber PMD is very low, buhe methods of probability theory due to the exceedinglgdar
they become less effective in very long systems in which tmeimber of states such a system can be in. Our results were
launch conditions become less relevant. In systems emmgoytherefore given in terms of probabilities for the polariaat
reconfigurable optical add-drop multiplexers (ROADMS), iproperties of the probe signal after traversing an optiiced |
is also not yet possible to adjust the polarization state efmost importantly the distribution of the polarizationtet
newly added channels to match that of those channels passihghe probe, in the sense of a distribution average over the
through, further reducing any benefit of initial relativeitech ensemble of polarization parameters (launch polarizative-
polarization states. fringence and PMD properties of the fiber) and parameterized

VIIl. SUMMARY AND DISCUSSION
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by the (nonlinear) degree of polarization reduction.

We believe that the expressions for the magnitude of XPolM
degradation, as described by the nonlinear DOP reduction,
are sufficiently straightforward to allow considerableigts
into the nonlinear process and its dependence on various
system parameters. The integrals in the expressions can be
solved numerically sufficiently fast to allow evaluation af
large number of different systems within a reasonable amoun
of time. We have also demonstrated how to determine the
nonlinear threshold power corresponding to a given require
minimum DOP value, and how leaving some residual disper-
sion per span can significantly reduce XPolM degradations in
low-PMD fibers.

The knowledge of the distribution of polarization states
described by the DOP may subsequently be applied to study .
error probabilities in polarization-multiplex or polaaion- Fi9: 11. illustrates the coordinate system, the initial lrSOP X, the

. . rotation axisZ = Sy, — £[Syx], and the infinitesimal incremerd. X to the
sensitive coherent systems, or consider the usefulnedseof ditusion of X.
DOP as a feedback signal for PMD compensation. Research
in this direction will also yield bounds on the permissible
nonlinear depolarization, from which realistic limits ohet \aking the transition to a continuous process ovei.e. the
launch power due to XPoIM may be derived. The mod@l,it of infinitesimal step size,
underlying our calculations may also be applied to thesttas
of the PMD vector of a fiber link, which undergoes these

L
nonlinearity-induced rotations as well. V(L) = //<dW(21) . dW(22)> (59)
0

Finally, the present work should be regarded as a theotetica
basis for a more thorough investigation of XPolM. While
we have worked exclusively with ensemble averages to be . _ ) o
able to obtain closed-form solutions, the detailed ensemt! which dW is a differential increment.
statistics will be even more interesting for system opesaths e now relate the incremedW (z) of the planar diffusion
with PMD, depending on their polarization parameters soni@ the incremend.X(z,t) of the motion of a particular probe
systems within such an ensemble will be significantly mofdannel SOP indexed bty which was given in (21) as
affected than others, and (outage) probabilities of exoeed
a given threshold (e.g. a minimum required DOP) will be 0.X(2,t) = Z(z,t) x X(z,1) (60)
necessary to give more meaningful results.

with
APPENDIX Z(z,t) = Ss(z,1) — €[S (2,1)] (61)
Roberts and Ursell definié in their distribution as the variance
of a corresponding planar random walk. Because they assufi§yever,d. X (2, ) is a three-dimensional vector which may
all individual rotations to be uncorrelated and randomly djyot pe coplanar for different and thus does not constitute
rected, this is straightforward — angular displacemantson 5 planar diffusion (it is in fact the diffusion oK on the
a unit sphere are mapped to step vec¥figwith [Wi[ = Wi ynjt sphere that we would like to describe). We can force

of a planar walk orR?, and we have the motion described b§.X to be planar by assumirg in
K (60) to be constantX(z,t) = X(0,t) = X,. Our estimate

V(K) = Z<‘Wk‘2> (57) for _V will thu§ become chreas_ineg inaccurateAXc(z,t)

1 deviates considerably froriX, while dW(z1) = 0.X(z1,t)

) ) anddW(zz) = 6ZX(22,t) in (59) are still highly correlated
for the variance aftek’ steps, wherg:) is the average over all 54 thys contribute significantly to the integral. For thmea
possible step sizes. If we allow for correlation betweepsie oa50ns as those mentioned in the text, such cases are not
andl, we have to extend the expression with the correspondiﬁ%ctica”y relevant.

joint moments, We arbitrarily setX, = e;, a basis vector of the three-

K K K dimensional coordinate system, so that (60) becomes
V(E) = S (Wil*) + 303 (Wi W)
k=1 k=1 f;llc 8Z}A((z, t) = Zg (Z, t) €y — ZQ (Z, t) €3 (62)
K K
= ZZ<Wk -Wl> (58) which depends only on those componentsZofwhich are

=
Il
—

=1 orthogonal toX,. The coordinate system is illustrated in
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Fig.11. Inserting (62) into (59) yields [3]

g [4]
V(L) = [SHIRN S)) 5[23(21, t) Z3(ZQ, t)]
[foo |

—2ey - €3 <5[Zg(21,t) Z2(Z2vt)]>

[5]
(63)

(6]
+ e3-e3 <5[Z2(21, t) ZQ(ZQ, t)] > le dZQ

Becaused. X (z,t) describes a separate diffusion process fof]
eacht, we must additionally introduce the time averagfe]
to capture all possible such processes.

USing e -ey=e3z-e3=1,ey-e3 =0, and (61) in (63),
we obtain

(8]

El

L
V(L) = // 622(2’1, 22) + 623(21, 2’2) dz1 dzo (64)
0 [10]

whereCs,, is the autocovariance function of theth compo-
nent of Sy, defined as

Csin(21,292) = <5[(Szn(217f) - 5[52n(217t)]) [12]
x (Szn(m,t) —& [Sm(zzaf)])b (65) 113

We will finish with some remarks on the distribution of
the rotation axisZ. In order for thed.X in (60) to be [14]
randomly directed in the plane orthogonalXa, Z must be
symmetric abouX . This is of course satisfied when the initial
orientations of the Stokes vectors constituting the st [15]
are distributed isotropically on the Poincaré spheres lalso
satisfied if all Stokes vectors are initially either parbedieanti-
parallel to the probe SOK|), because the analysis in Sec. V6]
showed that the linear polarization evolution due to PMD is
symmetric with respect to the initial SOP. After propagatio[ 7l
of some SOP decorrelation lengths, the distribution of aill
interfererS,, will eventually become isotropic. For all other
cases, the simple relation (59) does not hold &nhdhust be
calculated regarding the distribution of the initial SOPs.

In the case that the distribution &y is isotropic then
its component autocovariance function cannot depend on thd
particular component, and we must have

[11]

(18]

1 [20]
Cs1 =Cxp =Cs3 = gcx (66)

in which Cs; = Cxy1 + Cxo + Cx3 is the vector autocovariancel21]
of Sy, defined analogous to (65). Hence we rewrite (64):

[22]

(67)
[23]

L
2
V(L) = 3 //02(21,22)d21 dzs .
0

We make extensive use of the simple form of (67) under the

assumption of isotropy throughout the work. [24]
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