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A Statistical Treatment of Cross-Polarization
Modulation in DWDM Systems
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Abstract—Starting from a model of random nonlinear po-
larization rotations for the effect of cross-polarization modu-
lation in DWDM systems, we derive the mean distribution of
the time-dependent polarization states at an arbitrary location
within an optical link. We show that this distribution is ful ly
parameterized by the degree of polarization of the particular
wavelength channel, and we derive expressions to approximate
this parameter for general optical links consisting of multiple
optically amplified and dispersion-compensated spans, as well
as related power thresholds. From the analytical expressions we
derive a method to significantly reduce the detrimental effects.

Index Terms—Communication system nonlinearities, optical
fiber communication, optical fiber polarization, optical fiber
theory, optical Kerr effect.

I. I NTRODUCTION

It has been known for quite some time that the nonlinear
coupling of two or more optical signals mediated by the Kerr
effect in dielectric media affects not only the phase of these
signals, but also their polarization state. This effect enables
devices such as Kerr shutters, which combine a pump beam
and polarization filter to modulate a probe [1], [2]. For a
long time, this nonlinear polarization rotation was neglected
in optical systems theory, because the components of these
systems were sufficiently independent of the polarization state.
However, with increasing relevance of polarization phenom-
ena, especially in the context of polarization-mode dispersion,
polarization multiplexing, and coherent reception, it hascome
under increased scrutiny, both theoretically and experimentally
[3]–[12].

Most published work so far has been concerned with
the nonlinear polarization rotation itself, its description and
demonstration [4], [6], [9], [13]. Previous contributionsalmost
exclusively took a single pump – single probe approach [4]–
[6], [9], [13]. Very few authors examined it, in the context
of multi-wavelength optical transmission systems, and then
only rudimentary [8], [10]. This is the void which the present
contribution intends to fill.

We start by reviewing the equations and approximations
necessary to derive the nonlinear polarization rotations in
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randomly birefringent fiber in Sec. II. From the nature of these
rotations we then derive the statistical distribution of the polar-
ization states after nonlinear propagation of a length of fiber,
and subsequently an expression to quantify this distribution in
Sec. III. In Sec. IV we then show how this expression is related
to the parameters of the transmission fiber in general, and
then make this general expression more precise, starting with
simple, short systems in which linear polarization effectssuch
as polarization mode dispersion can be neglected in Sec. V,
and continue with arbitrarily long systems in which these
effects play a major role in Sec. VI. We compare the impact
of cross-polarization modulation depending on the properties
of the fiber used within the system in terms of the nonlinear
power threshold for the interfering copropagating channels,
and we also show how systems with residual, uncompensated
group velocity dispersion in each span can significantly reduce
the magnitude of cross-polarization modulation in Sec. VII.

II. T HE SOP EVOLUTION EQUATION

Several authors have derived various expressions for the non-
linear evolution of a vector field traveling along an optical
fiber, including polarization effects [3], [11], [13]–[16]. We
will briefly review the derivation of these expressions and
at the same time introduce the notation that will be used
throughout this article, in order to make our work as self-
contained as possible. Those readers familiar with the subject
matter may wish to skip ahead to Sec. III.

REMARKS ON NOTATION To distinguish two-dimensional
complex vectors which describe the optical field in Jones space
from their three-dimensional brethren in Stokes space, we will
use Dirac’s bra-ket formalism, e.g.

∣∣a
〉

= (ax, ay)T, to denote
Jones vectors. They are normalized such that

〈
a
∣∣a

〉
equals

the optical power, where
〈
a
∣∣ =

(
a∗

x, a∗
y

)
is the conjugate

transpose. Stokes vectors are denoted by bold letters, e.g.
S = (S1, S2, S3)

T, and unit vectors in Stokes space, describing
a state of polarization (SOP), are decorated with a hat, as in
Ŝ. Complex2 × 2 operators or matrices are ornamented with
a macron, such as̄T, except for the (permuted) Pauli matrices

σ0 =
(

1 0
0 1

)
σ1 =

(
1 0
0 −1

)
σ2 =

(
0 1
1 0

)
σ3 =

(
0 −i
i 0

)
(1)

and the Pauli vector~σ ≡
(
σ1, σ2, σ3

)T
, for which we adopt

the notation of [17].

We start by writing the DWDM optical field in phasor form
as a field envelope modulated onto a carrier frequencyω0,

∣∣a(z, t)
〉

=
∣∣v(z, t)

〉
exp

(
iω0t − iβ0z

)
(2)
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Propagation in thez-direction along a birefringent fiber can be
described with the vector form of the nonlinear Schrödinger
equation (NLSE) for this envelope,

∂z

∣∣v
〉

+
α

2

∣∣v
〉

+ i∆β0σ̄
∣∣v

〉

+
(
β1σ0 + ∆β1σ̄

)
∂t

∣∣v
〉
− i

β2

2
∂2

t

∣∣v
〉

(3)

− iγ
[〈

v
∣∣v

〉∣∣v
〉
− 1

3

(〈
v
∣∣σ3

∣∣v
〉)

σ3

∣∣v
〉]

= 0

The second term in (3) describes linear attenuation with power
attenuation coefficientα. The third term is responsible for
birefringence, with∆β0 =

(
β0s − β0f

)
/2, in which the

propagation constant expansion terms for the slow and fast
birefringence axes are defined as

βn(s,f )(z) = ∂n
ωβ(s,f)(ω, z)

∣∣∣
ω=ω0

(4)

where∂n
ω is short-hand for ∂n

∂ωn
. The birefringence axes cor-

respond to the orthogonal eigenvectors of the coupling matrix
σ̄. The fourth term in (3) describes different group velocities
along the birefringence axes, with∆β1 =

(
β1s −β1f

)
/2, and

is the physical cause of polarization mode dispersion (PMD).
The fifth term describes group velocity dispersion (GVD),
which is generally assumed to be polarization-independent
[18]. We neglect higher-order dispersion to keep the expres-
sions simple — it is straightforward to modify the equations
to include chromatic dispersion of any order, assuming such
higher-order dispersion to also be polarization-independent.
The final term in (3) expresses the Kerr nonlinearity in vector
form [11], in whichγ is the fiber nonlinearity coefficient. All
coefficients and the coupling matrix are generally functions of
the propagation distancez, even if not explicitly noted to keep
the expressions concise.

We now make the transformation
∣∣u

〉
=

(
A T̄

)−1∣∣v
〉

(5)

with

A(z) = exp
[
−α

2
z
]

(6)

T̄(z) = exp

[
−i

∫ z

0

∆β0(ζ) σ̄(ζ) dζ

]
(7)

With A we eliminate the attenuation-related term from the
NLSE (3), and the unitary transformation̄T eliminates the
birefringence term. The integral expression is a result of the
spatially varying nature of the birefringence axes, as expressed
by σ̄(z) and the birefringence strength∆β0(z). It has to
be understood in a symbolic fashion, as developed in [19],
because the operators̄σ(z) do not commute and thus cannot
be integrated in a straightforward manner. A formal expression
for T̄(z) can be obtained by expanding the integral in (7) into
a Magnus series and integrating the resulting expression [20],
[21]. Such a treatment, however, is not required in the scope
of this work because we do not care to know the absolute
polarization state of the signal in the laboratory reference
frame of

∣∣v
〉
. In polarization-maintaining fiber, in which̄σ(z)

is constant and thus commuting, we would obtain the simple
expressionT̄(z) = exp

[
−i∆β0 σ̄z

]
. The effect ofT̄ can be

visualized well in Stokes space, in which the birefringence
term induces a rapid rotation of the Stokes vectorV associated
with

∣∣v
〉
, and defined asV =

〈
v
∣∣~σ

∣∣v
〉
, around the local

birefringence axis with a period corresponding to the beat
length, which in regular standard single-mode fiber (SSMF)
is on the order of some meters. The transformation in (7) is
then equivalent to a counter-rotation of the coordinate system
in such a way that this birefringence-related motion is halted
for the Stokes vectorU =

〈
u
∣∣~σ

∣∣u
〉
.

We further introduce the common retarded reference frame
with τ = t− β1z andζ = z in order to eliminate theβ1-term
from (3) and obtain the following form of the NLSE for

∣∣u
〉
:

∂ζ

∣∣u
〉

+ ∆β1T̄
†
σ̄T̄ ∂τ

∣∣u
〉
− i

β2

2
∂2

τ

∣∣u
〉

− i exp
(
−αζ

)
γ (8)

×
[〈

u
∣∣u

〉∣∣u
〉
− 1

3

(〈
u
∣∣T̄†σ2T̄

∣∣u
〉)

T̄
†σ2T̄

∣∣u
〉]

= 0

where† denotes the conjugate transpose matrix and we have
used ∂tT̄ = 0 – the birefringence properties are assumed
constant in time. In the PMD term, the unitary transform
T̄ randomizes the birefringence axes isotropically on the
Poincaré sphere. The unit vectorΩ̂ pointing in the direction of
the slow birefringence axis in these transformed coordinates
is defined via

T̄
†(z)σ̄(z)T̄(z) = Ω̂(z) · ~σ (9)

where~σ is again the Pauli vector. The transformed nonlinear
terms are rapidly changing due tōT, and since the Kerr
nonlinearity affects the signal only over much larger distances,
these terms may be averaged to arrive at theManakov PMD-
equation[3], [11], [16],

∂ζ

∣∣u
〉

+ ∆β1T̄
†
σ̄T̄ ∂τ

∣∣u
〉

(10)

− i
β2

2
∂2

τ

∣∣u
〉
− i exp

(
−αζ

)8

9
γ
〈
u
∣∣u

〉∣∣u
〉

= 0

We now make the assumption that
∣∣u

〉
comprises a number of

narrow-band wavelength channelsν. Of those we will then
concentrate on the impairments within a single channelρ
(which may be called the probe channel) which are caused
by the other (interfering) channelsν 6= ρ. We can expand the
DWDM optical field as

∣∣u(ζ, τ)
〉

=

N∑

ν=1

∣∣uν(ζ, τ)
〉
exp

[
i∆ωντ

]
(11)

in which ∆ων = ων −ω0. The nonlinear distortion in channel
ρ can then be determined by expanding the triple product in
(10) with (11)

〈
u
∣∣u

〉∣∣u
〉

=
∑

η

∑

µ

∑

ν

〈
uη

∣∣uµ

〉∣∣uν

〉
exp

[
i∆ωρτ

]
(12)

in which
∆ωρ = ∆ωµ − ∆ωη + ∆ων (13)

We defineω0 to be the center frequency of the probe channel,
so that ∆ωρ = 0. We further neglect four-wave mixing
(FWM), assuming the phase-matching conditions to be poorly
fulfilled in any non-zero dispersion fiber, by demanding that
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either ∆ωρ = ∆ων or ∆ωρ = ∆ωµ, leaving only terms
corresponding to degenerate FWM. In order to concentrate on
the nonlinear transmission effects, assuming the distortions of
linear origin to be recoverable, we choose the probe channel
to be unmodulated, continuous wave (CW). This removes the
GVD and PMD terms – for the probe channel only – from
the Manakov equation (10), and we are left with evolution
equation for the probe field

∣∣uρ

〉
,

∂ζ

∣∣uρ

〉
− i exp

(
−αζ

)
γ̄ (14)

×
[〈

uρ

∣∣uρ

〉

︸ ︷︷ ︸
SPM

+
∑

ν 6=ρ

(3

2

〈
uν

∣∣uν

〉

︸ ︷︷ ︸
XPM

+
1

2
Uν · ~σ

︸ ︷︷ ︸
XPolM

)]∣∣uρ

〉
= 0

in which γ̄ = 8
9γ. The terms corresponding to self-phase

modulation (SPM), cross-phase modulation (XPM) and cross-
polarization modulation (XPolM) have been identified in (14).
It is noteworthy that in the (averaged) Manakov regime, XPM
acts with an efficiency of 3/2 relative to SPM. We have used
[17, (3.9)] with [17, (3.7)] to transform the XPolM term into
this particular product form. In (14),Uν is the Stokes vector
corresponding to

∣∣uν

〉
. We now transform (14) into Stokes

space using the correspondence between [17, (6.4)] and [17,
(6.8)] and noting that the SPM and XPM terms cause only
phase changes, which are not reflected in Stokes space. We
are then left with the concise form

∂ζÛρ(ζ, τ) = SΣ(ζ, τ) × Ûρ(ζ, τ) (15)

in which

SΣ(ζ, τ) =
N∑

ν=1
ν 6=ρ

Sν(ζ, τ) (16)

corresponds to the sum of all (scaled) Stokes vectors, into
which the nonlinearity and attenuation coefficients have been
absorbed:

Sν(ζ, τ) = Uν(ζ, τ) γ̄ exp
(
−αζ

)
(17)

Ûρ = Uρ/|Uρ| denotes the SOP in Stokes space, and| · |
is the vector norm, or length. The evolution equation (15)
describes a rotation in Stokes space of the probe SOPÛρ(ζ, τ)
around the Stokes vector sumSΣ(ζ, τ) with angular velocity,
or rate,∂ζϕ = |SΣ(ζ, τ)|. The (N − 1) vectors constituting
the sum are random quantities whose length and orientation is
determined by data modulation, attenuation, GVD, PMD, and
nonlinearities, among others. In general, they may have a time-
average value at each positionζ, around which they fluctuate.
We can then separateSΣ(ζ, τ) into that time-constant average
and a fluctuating part,

SΣ(ζ, τ) = E
[
SΣ(ζ, τ)

]
+

(
SΣ(ζ, τ) − E

[
SΣ(ζ, τ)

])
(18)

in which E
[
·
]

is the statistical average over a short amount
of time that we consider, some orders of magnitude longer
than the symbol duration. During this time the PMD-related
quantitiesσ̄(ζ) and∆β1(ζ) can be assumed time-invariant, as
has been implicitly done in all preceding expressions. Eq. (15)
then describes two separate phenomena: a common (nonlinear)
rotation of the probe channel about the meanE

[
SΣ(ζ, τ)

]
and

a rapid random fluctuation which will be different for any
τ1 6= τ2. We assume relevant optical receivers (which may
include PMD compensators or polarization demultiplexers)to
be able to follow the common polarization rotations which
change only on the time scale of PMD, as would also be
required of them in the absence of XPolM. We are therefore
only interested in the rapidly fluctuating part in parentheses
of (18) – this is the source of any detrimental effects due to
XPolM, as receivers will not be able to adapt sufficiently fast
to these rapid polarization state fluctuation. With this objective
in mind, we define a transformed SOP

X̂ = R̄
−1 · Ûρ (19)

with the Stokes space rotation transformation

R̄(ζ) = exp

[∫ ζ

0

E
[
SΣ(ξ, τ)

]
× dξ

]
(20)

offsetting the nonlinear polarization rotation common to all τ ,
and whereE

[
SΣ

]
× is the crossproduct operator as defined in

[17, (4.8)]. Here again, the operator described by the integral is
to be understood symbolically, with a formal solution obtained
by Magnus series expansion, similar to (7). And again, we are
not interested in the absolute SOP in any predefined reference
frame, but only the the relative probe SOP̂X, and therefore
do not need to perform the expansion. Inserting (19) into (15)
yields the XPolM evolution equation

∂ζX̂(ζ, τ) =
(
SΣ(ζ, τ) − E

[
SΣ(ζ, τ)

])
× X̂(ζ, τ) (21)

In the following, we replaceζ by z andτ by t.

III. STATISTICAL DESCRIPTION OFSOP FLUCTUATIONS

If we consider for a moment the probe SOPsX̂(z, tn) as
independent particlesn on the unit sphere, then (21) de-
scribes a random motion unique for each particle. Because(
SΣ(z, tn) − E

[
SΣ(z, t)

])
will vary with z as a result of the

various linear and nonlinear propagation effects, their motion
will comprise unique sequences of random rotations. The
SOPs are thus very similar to Brownian particles undergoing
a diffusion process on the Poincaré sphere. Hence, we may
call this particular effect of XPolMSOP diffusion.

Diffusion processes on the unit sphereS
2 have been exam-

ined as early as the 1950s, and the resulting class of distribu-
tions is namedBrownian distribution(or sometimesRoberts-
Ursell distribution after their discoverers) [22]. Roberts and
Ursell modeled a process consisting of a large number of
discrete, randomly directed, independent steps to arrive at
their limit distribution, which is given in terms of colatitude
θ and azimuthφ on the unit sphere by the probability density
function

p(φ, θ, V ) =
1

4π

∞∑

µ=0

C(µ, V )LPµ(cos θ) (22)

in which

C(µ, V ) = (2µ + 1) exp
(

−µ(µ+1)
4 V

)
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andLPµ(·) denote the Legendre polynomials of integer order
µ. A parameterV describes the total variance of the random
walk and fully quantifies the distribution. In Sec. IV we show
how it can be determined from the various properties of the
transmission fiber. The distribution is normalized such that

2π∫

0

π∫

0

p(φ, θ, V ) sin θ dθ dφ = 1 (23)

Sincep(φ, θ, V ) does not depend on the azimuthφ, it must
be symmetric about theθ = 0 axis. For V = 0, we have
p(φ, θ, 0) = δ(θ), i.e. the distribution is concentrated in the
“pole”, and for V → ∞, the distribution approaches the
uniform distribution onS

2.

The continuous motion of the SOPs described by (21) can be
approximated by the stepwise rotations of Roberts and Ursell
by letting the step size approach zero. However, because the
vectors constituting the rotation axis do not change arbitrarily
fast with propagation alongz, many of these infinitesimal SOP
rotations will be correlated. We will show that it is the nature
of this correlation, and hence the statistical properties of the
interfering channels, which determine the variance parameter
V .

Also, the Brownian distribution (22) is the distribution inthe
limit of many independent, isotropic steps. If the length over
which the individual rotations are significantly correlated is not
much smaller than the system length (as e.g. in short systems
or systems with resonant dispersion maps), the convergenceof
the true SOP distribution to the Brownian may be incomplete.
However, due to the complicated expressions arising for the
SOP distribution in such systems, we defer a more exact
discussion and in the present article assume the validity of
the Brownian distribution (22).

In order for the motion of the SOP “particles” to be
randomly directedon S

2, we need the rotation axis
(
SΣ −

E
[
SΣ

])
to be distributed symmetrically about the mean probe

SOP everywhere. This is fulfilled for the practically relevant
cases of parallel, pairwise-orthogonal, and randomly polarized
launch, albeit only in the statistical sense of thepolarization
ensemble. Hence, the Brownian distribution (22) describes the
SOP distribution in the sense of the ensemble of all systems
with the same statistical properties.

In the context of PMD this ensemble is often defined as the
collection of all possible combinations of the PMD parameters
σ̄(z) and∆β1(z) at each location in the fiber. Here, we extend
the ensemble to include all possible initial interfering chan-
nel SOPs, as well as pseudo-random bit sequences, symbol
timings, and relative phases – everything that might alter the
evolution ofSΣ(z). The time duration of an ensemble member
is the averaging period defined forE

[
·
]
, and to differentiate

averages over all ensemble members from time averages, we
denote the former by

〈
·
〉
.

We now want to relate the somewhat abstract and unmea-
surable parameterV to a more accessible quantity, the degree
of polarization (DOP). Since our probe is a CW channel, we
can approximate the DOP very well by writing

E
[
X̂(z, t)

]
≈ DOP(z) · X̂0 (24)

SOP displacementΘ [rad]

p
ro

b
ab

ili
ty

d
en

si
ty
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1

Fig. 1. shows the distribution of the angleΘ from (26) for 100 randomized
simulation runs with215 samples each (symbols) and the Brownian distribu-
tion (lines). Both have an ensemble-averaged DOP ofD ≈ 0.94. The system
setup in shown in Fig. 2 and the system parameters are described in Table I;
the dispersion map has a residual dispersion per span equivalent to 25 km
transmission fiber. Inset shows logarithmic scale.

with X̂0 = X̂(0, t) (the precise expression for modulated
channels uses the Stokes vectors instead of the SOPs). The
mean probe polarization is fixed at̂X0 everywhere because of
(19). Multiplying both sides bŷX0 yields

DOP(z) = E
[
cosΘ(z, t)

]
(25)

with
cosΘ(z, t) ≡ X̂(z, t) · X̂0 (26)

The random variableΘ corresponds to the displacement angle
of the SOPX̂ from the initial SOP. Fig. 1 shows a typi-
cal Θ-distribution, which was obtained with numerical field
simulations (cf. Table I for an overview of common system
parameters used throughout) and is shown with a fit to the
Brownian distribution.

Since the Brownian (22) describes the distribution of the
SOPs in the sense of the polarization ensemble, but (25) only
describes the DOP of one member of the ensemble, we must
average over the DOPs of all ensemble members, to be able
to relate both parameters,

D(z) =
〈

DOP(z)
〉

(27)

Combining (27) with (25), we can now equate the expecta-
tion value ofcos θ from the Brownian distribution (22) with
the global DOP, and obtainD in terms of the parameterV :

D(z) =

2π∫

0

π∫

0

cos θ p(φ, θ, V ) sin θ dθ dφ

= exp

(
−V (z)

2

)
(28)

where we made use of the orthogonality of the Legendre
polynomials to arrive at the concise form of (28). Hence, there
exists a bijective relationship between the DOP andV – we
can thus directly compare a physically measurable quantity
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TABLE I
COMMON SYSTEM PARAMETERS USED IN SPLIT-STEP SIMULATIONS AND

THEORETICAL PREDICTIONS(WHERE APPLICABLE) UNLESS NOTED
OTHERWISE.

bit rate 10 Gbps
sample rate 2.560 GSps

modulation format NRZ
MUX filter bandwidth 25 GHz

PRBS order 12
channel spacing 50 GHz

number of channelsN 11
average power per channel 4 mW

span length 100 km
GVD parameter 16 ps/nm/km
PMD parameter 0.5 ps/km1/2

fiber attenuationα 0.2 dB/km
nonlinearity parameterγ 1.31 (W km)−1

number of iterations 100

obtainable in experiments and simulations to the analytical
results which are obtained in terms ofV . Exactly how to obtain
the latter is the concern of the next section.

IV. ESTIMATION OF XPOLM M AGNITUDE

To relate the discrete theory of Roberts and Ursell to the
continuous process described by (21), it becomes necessary
to properly unify both theories and notations. This is done in
the Appendix, which derives a relation between the parameter
V and the variance of the Stokes vector sum (the rotation axis)
SΣ as used in (21):

V (z) =
2

3

∫ z∫

0

CΣ(z1, z2) dz1 dz2. (29)

Herein, the function

CΣ(z1, z2) ≡
〈
E
[
SΣ(z1, t) · SΣ(z2, t)

]

− E
[
SΣ(z1, t)

]
· E

[
SΣ(z2, t)

]〉 (30)

is the ensemble-averaged autocovariance function (ACovF)of
the random vector processSΣ.

This simple form of (29) requires thatSΣ itself be isotropic,
and not only symmetric as required previously, as outlined
in the Appendix. Strictly, it is therefore only valid when the
DWDM channels are launched into the fiber with random
polarizations from a uniform distribution on the Poincaré
sphere, or have propagated sufficiently far – further than the
polarization diffusion length [15] – to have lost memory of
their initial polarization. For non-isotropic launch polarizations
such as parallel or pairwise orthogonal, the factor2/3 in (29)
becomes a function ofz1 and z2, which takes its asymptotic
value of 2/3 only when z1 and z2 sufficiently exceed the
polarization diffusion length [15].

To calculateV , we need to find the various stochastic
properties of the Stokes vectorsSν contributing to the sum
SΣ. To be able to do this in closed form, we must make some
simplifying assumptions about the propagation of the interfer-
ing channels. First of all, we shall neglect nonlinear distortions
in the interfering channels, as the associated changes in the
signals build up only over long distances, for which the spatial

Tx

DCF

SMF

OATx

Tx

CW
M
U
X

D
E
M
U
X

Tx
10×

Rx

Rx

Rx

Rx

( -1)× NRZN

Tx

Tx

Rx

Rx

DOP

Fig. 2. shows a schematic of the optical transmission systemwith 100 km
spans in which wavelength channels are arranged on a 50 GHz grid. Accu-
mulated GVD is fully compensated at the end of each span, unless noted
otherwise.

correlation of the Stokes sum is assumed to be negligible. We
then write for the optical fields

∣∣uν

〉
in (11),

∣∣uν(z, t)
〉

= B̄(∆ων , z) exp
[
i∆ων∆tν(z)

] ∣∣uν(0, t)
〉

(31)

where

∆tν(z) =

∫ z

0

β1(ζ, ∆ων)dζ = ∆ων

∫ z

0

β2(ζ)dζ (32)

and

B̄(∆ων , z) = exp

[
−i∆ων

∫ z

0

∆β1(ζ) Ω̂(ζ) · ~σ dζ

]
(33)

is to be understood in a symbolic manner, similar to (7). We
can rewrite (31) as

∣∣uν(z, t)
〉

= B̄(∆ων , z)
∣∣uν(0, t + ∆tν)

〉
(34)

We have integrated (10) at the channel carrier∆ων under
the assumption of a signal envelope unaffected by either GVD
or PMD. The exponential term in (31) describes a residual
group delay which causes a time shift of the signal in the
reference frame of channelρ. The operatorB̄ describes a
residual birefringence at∆ων due to PMD. Essentially we
argue that the influence of the inter-channel consequences
of GVD and PMD is much greater than their intra-channel
counterparts (leading to pulse distortion and depolarization).

To verify these assumptions for the class of systems of
present interest, we performed numerical simulations of a
typical optical transmission system as shown in Fig. 2. A CW
probe channel is spectrally surrounded by a number of 10 Gbps
NRZ-modulated interfering channels, and is propagated along
a number of spans with full inline GVD compensation, in a
worst-case scenario for inter-channel nonlinear effects [23].
The system of Fig. 2 will serve as our model system through-
out the remainder of this article.

Figs. 3 and 4 then show some numerically obtained exam-
ples of the ACovFsCν(z1 = 0, z2) for a single interfering
channelν, in a single span and at the beginning of successive
spans, respectively. Fig. 3 compares the effects of residual
group delay (“walk-off”) and GVD with pulse distortion
(“GVD”), and additionally with PMD and nonlinearities. The
exponential attenuation term from (35) is shown for reference.
The results for “walk-off” were calculated by simply time-
shifting the signals. All other data were obtained by split-step
simulations. The plots in which PMD is included are averages
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Fig. 3. compares ACovFsCν(0, z2) of the Stokes vector of a single
interfering channel, which were obtained numerically withdifferent degrees
of sophistication (see description in the text) for∆ων =2π · 50 GHz (solid
line and associated symbols) and2π · 100 GHz (dashed line and associated
symbols). The results for “GVD + PMD” are indistinguishablefrom “GVD +
PMD + NL”. All ACovFs were normalized to the mean optical power E

[
Pν

]
.

Because of the bandlimited, non-square pulse shape (cf. inset in Fig. 5), all
ACovFs have an initial value of 0.925, the normalized pulse variance.

of an ensemble of 100 randomly generated systems. The
difference between the “walk-off” results and the full-vectorial
field simulations is small enough to justify our approximations.
For short single-span systems we may even disregard the
contribution of residual birefringence as a consequence of
PMD.

The systems in Fig. 4 used full (lumped) inline dispersion
compensation to cancel the dominating influence of GVD
at the end of each span. The span-to-span reduction of the
ACovFs values in the linear plots of this figure is due to
uncompensated PMD alone, which can be split into the inter-
channel residual birefringence and the intra-channel PMD-
related pulse distortions / depolarization, which are shown as
diamonds and crosses, respectively. Since there is virtually no
difference between them, we are confirmed in our assumption
(34) of a constant envelope. However, in multi-span systems,
residual birefringence can no longer be disregarded. The curve
for its analytical description, also shown in the figure, is
derived in Sec. VI.

The circles in Fig. 4 mark the ACovFs values when the
interferers are allowed to evolve nonlinearly, using 6 dBm
launch power per channel. The additional nonlinear ACovF
decorrelation is due to nonlinear pulse distortion and XPolM,
which in a nonlinear system affects not only to the probe
channel but the interferers as well. Even though it can seem
very dramatic when the residual birefringence is not large
enough to dominate the ACovF, the configurations in which
it becomes significant (e.g. high power at low fiber PMD)
exhibit very large XPM- and XPolM-related distortions and
are unlikely to be used for polarization-sensitive applications
in practice.

Using (34), we can write the Stokes vectorŜν as the product
of two stochastic quantities: the normalized optical power
Pν =

〈
uν

∣∣uν

〉
= |Uν | and the SOP̂Sν = Uν

/
Pν . We then
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Fig. 4. compares ACovFsCν(0, z2) of the Stokes vector of a single
interfering channel at∆ων =2π ·50 GHz for different fiber PMD parameters
DPMD at the beginning of each of 10 consecutive spans. Crosses anddiamonds
are averages from 1000 linear simulation runs – evaluating mean channel SOPs
only (constant envelope assumption, crosses), and additionally including pulse
distortion and depolarization due to PMD (diamonds); circles are average
values of 500 nonlinear simulation runs at 6 dBm channel power. ACovFs are
normalized to mean optical powerE

[
Pν

]
. Dashed lines additionally show the

exponential decorrelation derived in Sec. VI.

have
Sν(z, t) = γ̄ exp

[
−αz

]
Pν(t + ∆tν) Ŝν(z) (35)

The Pν are determined by data modulation with pseudo-
random bit sequences. Propagation alongz introduces a time
shift only, but no waveform distortion. The SOPsŜν evolve as
a result of the random residual birefringence (33) in multi-span
systems. Thus, both generating processes (modulation/GVD
and PMD) are stochastically independent of one another and
can be separated as above.

Inserting (16) in the autocovariance function (30) results
in an expression with(N − 1)2 terms, whereN is the total
number of channels. However, because the data modulation in
different channels is mutually uncorrelated, all cross-channel
terms vanish when taking the expectation and we can separate
the contributions of the individual channels:

CΣ(z1, z2) =
∑

ν

Cν(z1, z2) (36)

in which the single-channel ACovFs are defined analogously
to (30),

Cν(z1, z2) ≡
〈
E
[
Sν(z1, t) · Sν(z2, t)

]

− E
[
Sν(z1, t)

]
· E

[
Sν(z2, t)

]〉 (37)

We have reduced the task of finding the stochastic properties
of a vector sum to one of finding the properties of single-
channel data modulation and residual birefringence-related
SOP evolution. We will begin by examining short, single-span
systems in which we may neglect the latter.
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V. SINGLE FIBER SPANS

In very short systems or systems comprising a single, unam-
plified span of fiber, nonlinear distortions occur mainly within
the effective length

Leff =
1 − exp

(
αL

)

α
≈ 1

α
(38)

of a span of lengthL, for which typical values are on the
order of 20 km. Within this short length, polarization effects
generally do not play a role (as was shown in Fig. 3) unless
the fiber has an exceptionally high PMD coefficient. We can
thus assumēB = Ī, the identity matrix, and the SOPŝSν(z)
of the interfering channels in (35) to be constant, such that
Ŝν(z1) · Ŝν(z2) = 1, and upon inserting (35) in (37), we
obtain the simplified ACovF

Cν(z1, z2) ≈ γ̄2 exp
[
−α

(
z1 + z2

)]
· CWO

ν (z1, z2) (39)

with

CWO
ν (z1, z2) = E

[
Pν(t)Pν(t + ∆tν)

]
− E

[
Pν

]2
(40)

in which ∆tν = ∆tν(z1, z2) is the group delay accumulated
betweenz1 and z2. Its definition is given in (32) with the
integral limits replaced byz1 andz2. The label “WO” denotes
that this simple ACovF is determined solely by thewalk-off
between the probeρ and the interfererν. In writing (40), we
have used the property that thePν are independent of the
polarization properties to replace the ensemble averages

〈
·
〉

by their arguments.
Because the data in each channel is statistically random, this

ACovF must per definition become zero when the accumulated
time shift equals or exceeds the symbol duration (in the
absence of pulse overlap) for simple NRZ modulation. The
ACovF CWO

ν of an NRZ pulse train can be well approximated
by a simple expression valid for rectangular pulses. Inserting
this pulse shape into (40) yields a closed-form solution which
linearly decreases from 1 to 0:

CWO
ν ≡ E

[
Pν

]
{

1 − |∆z|
LWOν

∣∣∆z
∣∣ < LWOν

0
∣∣∆z

∣∣ ≥ LWOν

(41)

in whichLWOν is the characteristicwalk-off lengthfor channel
ν,

LWOν =
TS

|β2|∆ων
(42)

at which ∆tν in (32) equals the symbol duration±TS.
This simple relation can greatly decrease the time required
to calculate the integral (29) and has been used throughout
the remainder of this work to analytically determine the
depolarization in NRZ systems.

By usingLWO, we can formulate theCWO
ν independently of

frequency separation and symbol rate. The true shape of the
function CWO

ν will depend on the shape of the pulses used to
modulate the data stream onto the respective carriers. Fig.5
compares numerically obtained ACovFs for several popular
modulation formats. The functions were generated by time-
shifting a sample pseudo-random bit sequence sequence of
the respective formats and then calculating (40).

propagation distance∆z
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walk-off between two wavelength channels for different modulation formats.
The solid grey line represents the square NRZ approximationof (41). All
signals are normalized toE
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Pν

]
; inset shows corresponing signal shapes for

a 1101 sequence.

The ACovF of the constant-power differential phase-shift
keying (DPSK) pulse train (as obtained with a phase modula-
tor) is identically zero in the constant envelope approximation.
This means that DPSK-modulated channels interfere signifi-
cantly less than NRZ signals – usually only after the signal
has become severely distorted, which occurs mostly when the
signal power is already attenuated considerably at the end
of the span. The periodic pulse shape of RZ-DPSK results
in an oscillating ACovF which has a net integral of nearly
zero. Thus, for systems which are at least several walk-off
lengths long, RZ-DPSK interfering channels will also result
in less XPolM than NRZ. Finally, the ACovF of carrier-
suppressed RZ (CSRZ) – much like the pulse shape itself –
is a combination of the NRZ and RZ-DPSK ACovFs, with a
net integral greater than zero. Like all amplitude-modulated
formats, it will contribute significantly to XPolM.

For arbitrary pulse shapes, such as signals predistorted to
compensate for GVD, we can determine an ACovF matrix
numerically by propagating a single channel linearly, regarding
only chromatic dispersion (of arbitrary order). This also allows
for more precise determination of XPolM in DPSK systems
or systems with large accumulated GVD by accounting for
the (intra-channel) pulse shape distortions that occur dueto
GVD. Similarly, pulse shape distortions due to PMD may be
accounted for with reasonable effort by performing multiple
runs with random PMD and averaging the results, as done
in Fig. 3. However, such means are mainly relevant when the
walk-off-related ACovF, and thus the nonlinear depolarization,
is negligibly small.

The ACovF (40) can now be inserted into (39) for each
interfering channel. These are then summed over as in (36)
and integrated (29) to obtainV , from which we can determine
the depolarization according to (28).

By inspecting (40), we realize thatCWO
ν scales with the



3746 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 27, NO. 17, SEPTEMBER1, 2009

square of the optical power. This power-square dependence
is then also true (if the optical power is equally increased
in all interfering channels) for the total ACovFCΣ and thus
the variance parameterV , from which the depolarization is
determined . This is generally valid also in multi-span systems,
which are examined next.

VI. M ULTIPLE FIBER SPANS

In multi-span, optically in-line compensated transmission sys-
tems, we extend the attenuation-scaled, nonlinear coefficient
in (35) to include amplifier gaing(z), and define the power-
weighted nonlinearity

Γ(z) ≡ γ̄ exp

[∫ z

0

[
g(ζ) − α(ζ)

]
dζ

]
(43)

where we assumeα andg to be independent of channel index
ν. Should this assumption not hold (e.g. for a non-flat EDFA
gain spectrum), one may define a separateΓν(z) for each
DWDM channel.

Also, the chromatic dispersion accumulated within a fiber
span is usually fully or partially compensated at the end of
each span. Hence, the the ACovFCWO

ν (z1, z2) can remain
comparatively large even whenz1 andz2 describe locations in
different fiber spans. We can then no longer neglect the change
of the polarization stateŝSν(z) betweenz1 and z2 due to
the residual birefringence when calculating the autocovariance
functionsCν(z1, z2) andCΣ(z1, z2) of the Stokes vectors. We
thus insert the unabridged (35) in (37) to obtain

Cν(z1, z2) = Γ(z1) · Γ(z2) · CWO
ν (z1, z2) · CSOP

ν (z1, z2) (44)

with
CSOP

ν (z1, z2) ≡
〈
Ŝν(z1) · Ŝν(z2)

〉
(45)

where we have made use of the statistical independence ofPν

and Ŝν .
The SOP autocorrelation function (ACF)CSOP

ν describes
the statistical correlation between the SOP of channelν at
z1 and z2. Formally, the reason for a decorrelation is the
residual birefringence term̄B in (34) – it describes a series of
rotations around the spatially varying local fiber birefringence
vectors Ω̂. A characteristic length describing the distance
over which the birefringence orientation̂Ω varies is the fiber
autocorrelation length, “over which an ensemble of fibers, all
of which initially have the same orientation of the axes of
birefringence, loses memory of this initial orientation” [15].
This length is usually on the order of only several hundred
meters. The SOP̂Sν thus undergoes a large number of random
linear rotations which lead to a certain statistical decorrelation
within ∆z in the ensemble average.

Karlsson has given an expression from which the ACovF
CSOP

ν can in principle be derived [24], and Wai and Menyuk
have also derived a corresponding expression by means of
stochastic differential equations [15]. We may also obtainit as
a limiting case of the analysis in terms of spherical harmonics
performed by Ueda and Kath [25]. However, since we have
already established a framework to deal with random rotations
on the unit sphere within the previous sections, we will show
how to apply our model to obtain the SOP decorrelation ACF.

First, we identifyŜν(z1) from (45) with the initial SOP̂X0

in (24) andŜν(z2) with the final SOPX̂(z, t). BecausêSν(z2)
evolves fromŜν(z1) with a large number of random rotations,
we deduce that̂Sν(z2) will be distributed according to the
Brownian distribution (22) centered on̂Sν(z1). The expression
for the depolarizationD in (27) then corresponds exactly to
the ACFCSOP

ν (z1, z2) as defined in (45), and we can assign a
variance parameterV SOP

ν to this distribution, so that

CSOP
ν (z1, z2) = exp

(
−V SOP

ν (z1, z2)

2

)
(46)

analogous to the diffusion of the SOPŝX on the Poincaré
sphere due to XPolM in (28). We can determineV SOP

ν from
the integral (29) by finding an appropriate expression forCΣ,
the ACovF of the random rotation axis. By transforming the
PMD-related term of the Manakov-PMD equation (10) into
Stokes space and frequency domain, we obtain the evolution
equation for the SOP̂Sν(z)

∂zŜν(z) = ∆ων ∆β1(z)Ω̂(z) × Ŝν(z) (47)

This identifies∆ων ∆β1Ω̂ as the random rotation axis, and
we have

V SOP
ν (z1, z2) =

2

3

∫ z2∫

z1

CΩ
ν (ζ1, ζ2) dζ1 dζ2 (48)

with

CΩ
ν (ζ1, ζ2) ≡ ∆ω2

ν

〈
∆β1(ζ1)Ω̂(ζ1) · ∆β1(ζ2)Ω̂(ζ2)

〉
(49)

In [26], Gordon identifies the term in angle brackets with
R δ(ζ1 − ζ2), provided that the fiber length is much larger
than the fiber autocorrelation length, whereR is a diffusion
constant andδ(·) is the Dirac delta function. Inserting (49)
into (48), we then obtain

V SOP
ν (z1, z2) =

2

3

∫ z2∫

z1

∆ω2
ν R δ(ζ1 − ζ2) dζ1 dζ2

=
2

3
∆ω2

ν

〈
∆τ2(z1, z2)

〉
(50)

in which [26]
〈
∆τ2(z1, z2)

〉
= R

∣∣z1 − z2

∣∣ (51)

is the mean-square differential group delay (DGD) of the fiber
segment

[
z1, z2

]
. We further have [27]

〈
∆τ2(z1, z2)

〉
=

3π

8

〈
∆τ(z1, z2)

〉2

=
3π

8
D2

PMD

∣∣z2 − z1

∣∣ (52)

in which DPMD is the more common fiber PMD parameter.
Defining an SOP decorrelation length of channelν

LSOPν ≡ 8

π∆ω2
νD2

PMD
(53)

the SOP variance parameterV SOP
ν of channelν can be ex-

pressed as

V SOP(z1, z2) = 2

∣∣z2 − z1

∣∣
LSOPν

(54)
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Fig. 6. DOP vs. number of propagated spans for different fiberPMD values
for the optical system of Fig. 2 and Table I; symbols denote simulation results
and lines denote analytical predictions.

and we obtain the ACovFCSOP
ν resulting from PMD with the

help of (46) as

CSOP
ν (z1, z2) = exp

(
−|z2 − z1|

LSOPν

)
(55)

Using CSOP
ν from (44) should give a good approximation

for the ACovF in multi-span systems which can be used to
estimate the nonlinearV parameter and the DOP reduction
for arbitrary fiber systems.

To test the preceding theory, we compared its predictions to
numerical simulation results for a number of different systems
(cf. Fig. 2 and Table I). The dashed lines in Fig. 4 show
CSOP

ν (0, z2) for the respective systems, which closely match
the linear simulation results, as expected. Fig. 6 shows the
corresponding evolution of the probe channel DOP reduction
with the number of propagated spans. As expected, XPolM
is more pronounced in low-PMD systems due to the slower-
declining ACovF for these fibers, leading to larger values of
V . The discrepancies in Fig. 6 result mainly from assuming
linear propagation of the interfering channels. As mentioned
before, configurations in which the difference between theory
and simulation becomes significant are unlikely to be met in
practical XPolM-sensitive applications, due to the very large
SOP distortions described by the correspondingly low DOPs,
accompanied by significant phase distortion due to XPM.

VII. A PPLICATION

We now use our model to estimate the relative impact of
XPolM as it depends on various parameters of the transmission
fiber. Fig. 7 shows the nonlinear threshold (NLT), defined as
the maximum fiber input power of the interfering channels to
obtain an average DOP of 0.90 in the probe channel, after 10
spans in a resonant dispersion map versus the GVD and the
PMD parameters. As we have noticed previously,V increases
with the square of the mean powerE

[
Pν

]
of the interfering

channels. Thus, assuming the mean power to be the same for
all channels, the threshold powers given in Fig. 7 (in linear
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Fig. 7. nonlinear threshold for NRZ interfering channels toobtain D =
0.90 in the probe channel as a function of (normalized) dispersion length
TS/(|β2|∆ω) and PMD length8/(π∆ω2D2

PMD), corresponding to the walk-
off and SOP decorrelation lengths for neighboring channels(cf. (42) and (53)
in the text), respectively; bottom and left axes denote the related fiber GVD
and PMD parameters for channel spacing∆ω = 2π · 50 GHz and symbol
durationTS = 100 ps.

units) can be easily converted to any other DOP valueD by
making use of relation (28) to obtain

NLT(D) =

√
lnD

ln 0.90
NLT(0.90) (56)

where ln · is the natural logarithm and NLT(0.90) is the
nonlinear threshold for a mean DOP of 0.90 from Fig. 7.
Hence, the NLT values forD = 0.97 will be nearly 3 dB
lower than those plotted in the figure. As can also be seen,
low-PMD NZDSFs are affected significantly more than older,
high-PMD SSMFs and thus have NLTs which are lower by
about 5 dB.

From Fig. 7 we also recognize that the NLTs for those
configurations of Fig. 4 in which the nonlinear influence on the
ACovF is significant, namely low fiber PMD, are sufficiently
low to largely remove that influence, improving the analytical
estimate.

From the way the walk-off related ACovFsCWO
ν in Fig. 5

depend on the accumulated time shift, we can directly deduce
a method to decrease the impact of XPolM in amplitude-
modulated multi-span systems: making the average accumu-
lated time shift∆tν larger will decrease the corresponding
CWO

ν (z1, z2). Therefore, avoiding resonant dispersion maps —
such that the time shift is zero wheneverz1 and z2 corre-
spond to fiber locations at the beginning of different spans,
where the optical power is high— by leaving some GVD
uncompensated in each span (residual dispersion per span,
RDPS) can reduceV significantly. As a rule-of-thumb, the
RDPS should correspond to about one walk-off length of the
interfering channels closest to the probe,LWO(ρ±1), or more.
This fully decorrelates the Stokes vectors at the beginningof
each span and thus reduces the accumulation of variance over
several spans. Fig. 8 shows the improvement obtained for the
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Fig. 8. DOP vs. number of propagated spans for different fiberPMD
values; setup is the same as in Fig. 6, but with residual dispersion per span
of 400 ps/nm; symbols denote simulation results and lines denote analytical
predictions.

systems of Fig. 6 when leaving an RDPS corresponding to
1.6 LWO(ρ±1). As can be seen in the figure, the decorrelation
between spans introduced by RDPS can significantly suppress
the XPolM degradation, especially in low-PMD systems in
which the ACovF is normally correlated over many spans.

Another benefit of the analytical model is an estimation of
the relative impact of XPolM caused by the various interfering
channels. This impact is compared in Fig. 9 in terms of the
parameterVν for a single 10 Gbps NRZ interferer, depending
on the frequency separation∆ων between this interferer and
the probe. To obtain these curves we made use of the ACovFs
(41) and (55). One can see that the immediately neighboring
channels will have the largest impact on the totalV and that
spectrally distant channels will have a comparatively small
additional impact. This is shown in a different manner in
Fig. 10, which displays the DOP reduction as a function of
the number of interferers (filling the spectral slots form the
probe outward) as obtained with our theoretical model. We
can observe how the impact of XPolM increases quickly
for the first few neighbors and then starts to saturate. It
would be difficult and time-consuming to obtain similar results
with numerical simulations due to the enormous simulation
bandwidth required.

From Fig. 9 we can see how the XPolM impact increases
with lower fiber PMD, and how RDPS almost equalizes the
impact of all fiber types. Also shown is an analytical estimate
of the benefit of launching neighboring channels with orthog-
onal or parallel SOPs – corresponding to (anti-)parallel Stokes
vectors. Such launch constellations can suppress spectrally
close interferers, especially when fiber PMD is very low, but
they become less effective in very long systems in which the
launch conditions become less relevant. In systems employing
reconfigurable optical add-drop multiplexers (ROADMs), it
is also not yet possible to adjust the polarization state of
newly added channels to match that of those channels passing
through, further reducing any benefit of initial relative launch
polarization states.
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launch (dash-dotted lines), and resonant map / (anti-)parallel launch (dashed
lines);V values are normalized to 0.5 ps/

√
km, resonant map / random launch

at 50 GHz.
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Fig. 10. DOP vs. number of interfering channels for different fiber PMD
values for the optical system of Fig. 2 and Table I, obtained analytically.

VIII. S UMMARY AND DISCUSSION

In the present contribution we derived the statistical behavior
of a probe channel under the influence of cross-polarization
modulation from a large number of interfering channels under
almost arbitrary conditions. We have made extensive use of
the methods of probability theory due to the exceedingly large
number of states such a system can be in. Our results were
therefore given in terms of probabilities for the polarization
properties of the probe signal after traversing an optical link
– most importantly the distribution of the polarization states
of the probe, in the sense of a distribution average over the
ensemble of polarization parameters (launch polarization, bire-
fringence and PMD properties of the fiber) and parameterized
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by the (nonlinear) degree of polarization reduction.
We believe that the expressions for the magnitude of XPolM

degradation, as described by the nonlinear DOP reduction,
are sufficiently straightforward to allow considerable insight
into the nonlinear process and its dependence on various
system parameters. The integrals in the expressions can be
solved numerically sufficiently fast to allow evaluation ofa
large number of different systems within a reasonable amount
of time. We have also demonstrated how to determine the
nonlinear threshold power corresponding to a given required
minimum DOP value, and how leaving some residual disper-
sion per span can significantly reduce XPolM degradations in
low-PMD fibers.

The knowledge of the distribution of polarization states
described by the DOP may subsequently be applied to study
error probabilities in polarization-multiplex or polarization-
sensitive coherent systems, or consider the usefulness of the
DOP as a feedback signal for PMD compensation. Research
in this direction will also yield bounds on the permissible
nonlinear depolarization, from which realistic limits on the
launch power due to XPolM may be derived. The model
underlying our calculations may also be applied to the statistics
of the PMD vector of a fiber link, which undergoes these
nonlinearity-induced rotations as well.

Finally, the present work should be regarded as a theoretical
basis for a more thorough investigation of XPolM. While
we have worked exclusively with ensemble averages to be
able to obtain closed-form solutions, the detailed ensemble
statistics will be even more interesting for system operators. As
with PMD, depending on their polarization parameters some
systems within such an ensemble will be significantly more
affected than others, and (outage) probabilities of exceeding
a given threshold (e.g. a minimum required DOP) will be
necessary to give more meaningful results.

APPENDIX

Roberts and Ursell defineV in their distribution as the variance
of a corresponding planar random walk. Because they assume
all individual rotations to be uncorrelated and randomly di-
rected, this is straightforward – angular displacementsΨk on
a unit sphere are mapped to step vectorsWk with |Wk| = Ψk

of a planar walk onR2, and we have

V (K) =

K∑

k=1

〈∣∣Wk

∣∣2
〉

(57)

for the variance afterK steps, where
〈
·
〉

is the average over all
possible step sizes. If we allow for correlation between stepsk
andl, we have to extend the expression with the corresponding
joint moments,

V (K) =

K∑

k=1

〈∣∣Wk

∣∣2
〉

+

K∑

k=1

K∑

l=1
l 6=k

〈
Wk · Wl

〉

=

K∑

k=1

K∑

l=1

〈
Wk ·Wl

〉
(58)
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∂e2

X̂0

∂

e1

ZZ

∂z X̂

Fig. 11. illustrates the coordinate system, the initial probe SOPX̂0, the
rotation axisZ = SΣ − E[SΣ], and the infinitesimal increment∂zX̂ to the
diffusion of X̂.

Making the transition to a continuous process overz, i.e. the
limit of infinitesimal step size,

V (L) =

∫ L∫

0

〈
dW(z1) · dW(z2)

〉
(59)

in which dW is a differential increment.
We now relate the incrementdW(z) of the planar diffusion

to the increment∂zX̂(z, t) of the motion of a particular probe
channel SOP indexed byt, which was given in (21) as

∂zX̂(z, t) = Z(z, t) × X̂(z, t) (60)

with

Z(z, t) = SΣ(z, t) − E
[
SΣ(z, t)

]
(61)

However,∂zX̂(z, t) is a three-dimensional vector which may
not be coplanar for differentz and thus does not constitute
a planar diffusion (it is in fact the diffusion of̂X on the
unit sphere that we would like to describe). We can force
the motion described by∂zX̂ to be planar by assuminĝX in
(60) to be constant,̂X(z, t) = X̂(0, t) = X̂0. Our estimate
for V will thus become increasingly inaccurate aŝX(z, t)
deviates considerably from̂X0 while dW(z1) = ∂zX̂(z1, t)
and dW(z2) = ∂zX̂(z2, t) in (59) are still highly correlated
and thus contribute significantly to the integral. For the same
reasons as those mentioned in the text, such cases are not
practically relevant.

We arbitrarily setX̂0 = e1, a basis vector of the three-
dimensional coordinate system, so that (60) becomes

∂zX̂(z, t) = Z3(z, t) e2 − Z2(z, t) e3 (62)

which depends only on those components ofZ which are
orthogonal toX̂0. The coordinate system is illustrated in
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Fig. 11. Inserting (62) into (59) yields

V (L) =

∫ L∫

0

e2 · e2

〈
E
[
Z3(z1, t) Z3(z2, t)

]〉

− 2 e2 · e3

〈
E
[
Z3(z1, t) Z2(z2, t)

]〉
(63)

+ e3 · e3

〈
E
[
Z2(z1, t) Z2(z2, t)

]〉
dz1 dz2

Because∂zX̂(z, t) describes a separate diffusion process for
eacht, we must additionally introduce the time averageE

[
·
]

to capture all possible such processes.
Using e2 · e2 = e3 · e3 = 1, e2 · e3 = 0, and (61) in (63),

we obtain

V (L) ≡
∫ L∫

0

CΣ2(z1, z2) + CΣ3(z1, z2) dz1 dz2 (64)

whereCΣn is the autocovariance function of then-th compo-
nent ofSΣ, defined as

CΣn(z1, z2) =
〈
E
[(

SΣn(z1, t) − E
[
SΣn(z1, t)

])

×
(
SΣn(z2, t) − E

[
SΣn(z2, t)

])]〉
(65)

We will finish with some remarks on the distribution of
the rotation axisZ. In order for the ∂zX̂ in (60) to be
randomly directed in the plane orthogonal tôX0, Z must be
symmetric about̂X0. This is of course satisfied when the initial
orientations of the Stokes vectors constituting the sumSΣ

are distributed isotropically on the Poincaré sphere. It is also
satisfied if all Stokes vectors are initially either parallel or anti-
parallel to the probe SOP̂X0, because the analysis in Sec. VI
showed that the linear polarization evolution due to PMD is
symmetric with respect to the initial SOP. After propagation
of some SOP decorrelation lengths, the distribution of all
interfererSν will eventually become isotropic. For all other
cases, the simple relation (59) does not hold andV must be
calculated regarding the distribution of the initial SOPs.

In the case that the distribution ofSΣ is isotropic then
its component autocovariance function cannot depend on the
particular componentn, and we must have

CΣ1 = CΣ2 = CΣ3 =
1

3
CΣ (66)

in which CΣ = CΣ1 + CΣ2 + CΣ3 is the vector autocovariance
of SΣ, defined analogous to (65). Hence we rewrite (64):

V (L) =
2

3

∫ L∫

0

CΣ(z1, z2) dz1 dz2 . (67)

We make extensive use of the simple form of (67) under the
assumption of isotropy throughout the work.
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