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model for any combinationof fiberand. Because all figures in Section3.3were referenced
to a  of 0.97, the threshold powers shown there must be decreased by 0.9 dB and 2.4 dB for s
of 0.98 and 0.99, respectively.

  We have shown that the correlation of the probe  can be correlated over longer
periods of time in Fig. 5.5, especially when  is present in the dispersion map. us, a probe sym-
bol whose  is significantly deflected from the mean  (assumed to be an eigenstate of the 
) is likely to have neighboring symbols which are equally disturbed. is probability increases
with the amount of  present. It will also differ from one ensemble member to the next, as charac-
terized by the distribution in Fig. 5.6 – however, the width of this distribution decreases with increasing
. It is beyond the scope of the present work to perform a more detailed analysis of the probability
of error bursts and the burst properties, apart from these general remarks. Because of the widespread
proliferation of  in optical transmission systems, we expect that this topic will come under increased
scrutiny in the near future.

     We have already briefly touched on the subject
of differences within the polarization ensemble in the previous paragraph. ese variations apply not
only to the  ΔΘ of the s, but also to the , as we have discussed in Chapter 4, and the 
distribution itself, as shown in Figs. 4.6 and 4.7. We thus also expect variations of the within the
polarization ensemble, which we will briefly discuss next.

To illustrate the ensemble behavior anddependence, weplot the individual penalties
versus the individual nonlinear  values at three different interferer power levels in Fig. 5.17. e
scatter plots for the single-polarization signal are always independent of the nonlinear depolarization
D, confirming the result of Section 5.1. On the other hand, the scatter plots for the  signals
show a clear dependence of the penalty on the  within the ensemble, emphasizing the relationship
between the transmission penalty and . For illustration, we have also plotted the semi-analytical
estimates, similar to the bottom parts of Figs. 5.14 and 5.15, which correspond well to the mean values
of the simulation scatter plots.

As the  approaches unity, the theoretically predicted and simulation  values approach
the / limit. However, the dependence of the  on the  has significant statistical
variation in the numerical simulations, partly because it depends on the particular  distribution
within the probe channel and also because the  is a very nonlinear quantity which is prone to
strong fluctuations as the penalty increases. is variation scales with the  reduction – and thus the
magnitude. At equal mean  penalties, the penalty distributions are very similar (cf. 
at 4 dBm, interleaved at 3 dBm, and aligned at 2 dBm). However, the penalties due to  remain
dependent on the individual D, while those due to  do not.

As with , where the penalty also varies from one ensemble member to the next, we find it sen-
sible to define an outage in terms of exceeding a certain  threshold (another outage condition
could be defined in terms of the burst properties of errors, as discussed previously). Arbitrarily setting
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Figure 5.17 plots the individual member  penalties versus the nonlinear  reduction for the single-
polarization signal (blue), with symbol-aligned subchannels (red), and with interleaved subchan-
nels (green) at interferer powers of 4 dBm (top), 3 dBm (middle), and 2 dBm (bottom). e curves show theo-

retical predictions according to Section 5.2.1 for comparison.
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the outage threshold to an  2 dB (3 dB) above the back-to-back value, we see that when provi-
sioning the transmission link to allow for ≈  dB / penalty mean, the outage probability for
the ensembles in Fig. 5.17 (top) will be 0.87 (0.08) and 1.00 (0.96) for interleaved and aligned 
subchannels, respectively, which are not acceptable for a system operator. However, when provision-
ing the link so that the average compound (, , and ) nonlinear interchannel penalty
is ≈  dB, no outages occur within the simulation ensemble of 500 values. However, the width of the
distribution is not infinitely narrow, and with finite probability outages may still occur. Unfortunately,
due to the many factors that enter into the determination of the  (penalty), it is at present not
possible to give an analytic expression for these distributions and the associated outage probabilities.

As long as the penalties are grouped sufficiently tight around the semi-analytic predictions, as in the
bottompart of Fig. 5.17, wemay use the theory of Section 4.2 to estimate the probabilities of those 
values that will likely cause outages (e.g. D<. for aligned subchannels at 2 dBm interferer power),
though there will still be some uncertainty about the result.

A different way to a semi-analytic solution is related to the method employed in Section 4.2: Using
the stochastic degrees of freedom of a particular system, one might generate a set of s for a par-
ticular member. From this (finite) set, using (5.9) and assumed statistics of the interfering subchannel
A, one might generate another (infinite) set of crosstalk samples, which are generally non-Gaussian
within a single ensemble member. ese samples could then be used in an analytic prediction as in
[Forestieri ] to determine the  value for that particular member. e propagation of a sin-
gle probe channel without  interferers might suffice to generate the necessary statistics ofA and
A. is kind of crosstalk generation would be much faster than simulating a very large number of sys-
tems to generate accurate frequency histograms. While leaving the actual building of the histograms in
this way to the interested reader, we can say from Fig. 4.4 that systems with a resonant dispersion map
will show larger fluctuations due to their low number of s than systems with .

Concluding, we have shown that the nonlinear depolarization induced by  can lead to sig-
nificant penalties for  transmission andmust be properly accounted for. In the exemplary system
investigated in the preceding section, the excess penalty due to  crosstalk generatedwhen
demultiplexing the  subchannels can be several dB above the -related penalty. e optical
power of the interfering  channelsmust be reducedbyup to2 dB inorder to keep thepenalty
attributed to interchannel nonlinearities at the same level as for single-polarization transmission. is
is a significant reduction. Interleaving both  subchannels results in the related penalties to be
approximately halved – this could be further improved by avoiding leakage of optical power from the
symbols into the neighboring gaps, thus increasing the extinction ratio of themodulation at the receiver.
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OUTLOOK

Yet even the longest and most thorough work on a topic as unexplored and vast as cross-polarization
modulation cannot answer all questions. e presentwork, though long, is no exception. Wehave oen
mentioned in the text when a further exploration into a particular direction, even if desirable, was not
possible due to various, mostly time-related constraints andwill summarize themost interesting of these
to conclude our work. Foremost, we would liked to have performed a critical evaluation of the effect of
, and its induced nonlinear birefringence, on . Both Karlsson and Boroditsky have shown
that  compensation will be impaired by a nonlinear depolarization of the  vector. Since 
compensation has moved into the electrical domain and become feasible and required for transmission
at ever higher data rates, a possible nonlinear deterioration of this linear effect would be of great interest.

 also affects the effectiveness of time-interleaving both subchannels in  systems, as it was
shown elsewhere that uncompensated  causes linear crosstalk between the subchannels, and inter-
leaving increases the magnitude of this crosstalk. However, the transmission fibers in the simulations in
Section 5.2 on  systems had no  because time constraints made it impossible to implement
a realistic  compensator. e true benefit of time-interleaving can only be determined when 
is properly accounted for, especially in light of the nonlinear  discussion above. Another aspect of
great influence in real-world systems is the algorithm that extracts the subchannel s at the receiver,
such as the constant-modulus algorithm. How application of this algorithm alters the results given in
Section 5.2, and how these depend on the various parameters of the algorithm, such as the averaging
window, will likely be the topic of continued research.

Furthermore, we have restricted ourselves throughout to interfering channels that used the 
modulation format at a modest bit rate of 10Gbps to verify our model. As we have shown, such mod-
ulation causes significant cross-channel distortions, both  and . While we have predicted
significantly less distortion from modulation formats such as (-) or higher data rates, we were
not able to quantify their impact, either theoretically or by means of simulations within the time allot-
ted to the research project whose results are summarized herein. A particular interesting aspect is that
the benefit of residual dispersion per span () may be negated in the case of  modulation, as
the associated increased - conversion may cause significantly larger penalties than in the absence
of . is is especially relevant, as inline dispersion compensation is beingmade obsolete by receiver
electronics.

Also, we have been able to show that large  excursions can persist over the duration of several
symbols in the probe channel, so that the associated crosstalk in  systemsmay lead to longer error
bursts. A closer examination of the dynamics of may shed some light on the expected effect on
forward error correction.

Finally, while we have made some progress regarding the ensemble statistics by introducing the de-
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grees of freedomas a property for a particular transmission system, there has beenmuch leunanswered.
It is not clear if these s could be used to predict the ensemble distribution of transmission penal-
ties in e.g.  systems by a similar method as the one used to semi-numerically determine the 
distribution within the ensemble; or if any other relevant statistics besides the  can be derived by
means of the .

While this is only a selection of questions that occurred during the present work, it demonstrates
that there is much yet to explore on the topic of cross-polarization modulation. Since  is al-
readymoving from research to implementation, and data and baud rates are expected to keep increasing,
may well be a topic of interest for years to come.

Going beyond , the methods and expressions derived herein may possibly be adapted to an
analysis of , whose nature and causes are very similar. Since it is not dependent on polarization (at
least not in the Manakov description), the resulting expressions and relations may prove even simpler
than those for , so that theymight even have been a sensible starting point fromwhich to extend
to cross-polarization modulation.
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SUMMARY

e present work discusses a nonlinear effect which occurs during propagation of data signals over op-
tical fiber, especially in  systems in which many such signals are transmitted simultaneously using
different wavelengths of light. is particular effect, cross-polarization modulation (), causes
signal-dependent changes in the birefringence of the fiber, comparable to how cross-phase modulation
modulates the refractive index. is results, among other consequences, in a rapid modulation of the
state of polarization () of the propagating signals, as a result of which the data signal depolarizes.

Starting with the derivation of amathematical framework onwhich all subsequent analysis is based,
we created a formalism andmodel for the changes in the s due to cross-polarizationmodulation. We
derived the statistical behavior of a probe channel under the influence of  from a large number
of interfering channels under almost arbitrary conditions. We have made extensive use of the methods
of probability theory due to the exceedingly large number of states such a system can be in. Our results
were therefore given in terms of probabilities for the polarization properties of the probe signal aer
traversing an optical link — most importantly the distribution of the polarization states of the probe,
in the sense of the population distribution which includes the whole ensemble of polarization param-
eters (launch polarization, birefringence and  properties of the fiber) and is parameterized by the
nonlinear degree of polarization () reduction.

We believe that the expressions for the magnitude of  degradation, as described by the non-
linear depolarization, are sufficiently straightforward to allow considerable insight into the nonlinear
process and its dependence on various system parameters. e integrals in the expressions can be solved
numerically sufficiently fast to allow evaluation of a large number of different systems within a reason-
able amount of time. We have also demonstrated how to determine the nonlinear threshold power
corresponding to a given required minimum  value, and how various means of mitigation, such as
co-polarized or polarization-interleaved launch as well as employing residual dispersion per span, can
significantly reduce  degradations in low- fibers.

To probe beyond the all-encompassing population distribution, we also derived the distribution
of nonlinear impairments (in terms of the nonlinear depolarization) within the polarization ensemble
using a combination of analytic and semi-analytic means. Such a distribution is helpful in determining
the percentage of systems that are affected significantly more than the statistical average or some pre-
defined limit, or alternatively finding the required average so that the percentage of systems so affected
is negligible.

Finally, we have examined the consequences of nonlinear depolarization of a data signal in two cases
which required completely different approaches. ese are intended as relevant examples for further
work on the topic, showing how the knowledge of the distribution of s and the nonlinear depolar-
ization can be used to estimate the impact on transmission fidelity. efirst case was  transmission,



- 

inwhich the optical fields of adjacent data symbolsmust interfere, which is only possible if their s are
sufficiently parallel. We found that the nonlinear  changes are not rapid enough to cause significant
penalties. e second case was polarization-divisionmultiplex transmission, in which both polarization
subchannels must be separated at the receiver. We found that the nonlinear depolarization can cause
significant crosstalk between both subchannels. e penalties incurred as a result may be significantly
higher than those related to , even for phase-sensitive  transmission.
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ZUSAMMENFASSUNG

Die vorliegendeArbeit diskutiert einennichtlinearenEffekt, der bei derÜbertragung vonDatensignalen
über optische Fasern auritt; insbesondere inSystemen, in denen viele solcher Signale gleichzeitig
auf verschiedenen Wellenlängen übertragen werden. Dieser spezielle Effekt, die Kreuz-Polarisations-
Modulation, verursacht signalabhängige Änderungen in der Doppelbrechung der Faser, vergleichbar
mit der Modulation des Brechungsindizes durch die Kreuz-Phasen-Modulation. Dies führt, under an-
derem, zu einer schnellenModulation des Polarisationszustandes des sich ausbreitenden Signals und der
daraus resultierenden Depolarisierung.

Wir entwickelten, anfangend mit der Herleitung einer mathematischen Grundstruktur auf der die
weitere Analyse basiert, einen Formalismus und ein statistisches Modell für die Änderungen der Po-
larisationszustände durch die Kreuz-Polarisations-Modulation. Wir leiteten das statistische Verhalten
eines Testkanals unter fast beliebigen Bedingungen her, der den Effekten von  einer großen
Anzahl von Nachbarkanälen ausgesetzt ist. Aufgrund der überwältigenden Anzahl von Zuständen,
in denen sich solch ein System befinden kann, machten wir umfassenden Gebrauch der Methoden
der Wahrscheinlichkeitslehre. Unsere Ergebnisse sind deshalb in Form von Wahrscheinlichkeiten der
Polarisationseigenschaen des Testkanals nach dem Durchlaufen der optischen Übertragungsstrecke
gegeben – die wichtigsten hierbei sind die Verteilung der Polarisationszustände des Testkanals im Sinne
der Gesamtheitsverteilung, die das vollständige Ensemble der Polarisationsparameter (Ausgangspolari-
sation, Doppelbrechungs- und -Eigenschaen der Faser) umfasst und durch die nichtlineare Re-
duktion des Polarisationsgrades quantifiziert wird.

Wir glauben, das die Ausdrücke für die Stärke der -Störung, die durch die nichtlineare De-
polarisierung beschrieben wird, ausreichend einfach sind, um einen umfassenden Einblick in diesen
nichtlinearenProzess und seineAbhängigkeit von verschiedensten Systemparametern zu gewähren. Die
Integrale in denAusdrücken können numerisch schnell genug gelöst werden, um eine großeAnzahl von
Systemen in begrenzter Zeit zu untersuchen. Wir haben auch demonstriert, wie man die nichtlineare
Schwelle bestimmen kann, die zu einem gegebenenWert der nichtlinearen Depolarisation gehört, und
wie verschiedene Möglichkeiten der Störungsminderung, wie z.B. parallel oder paarweise orthogonal
polarisierte Ausgangspolarisationen oder Restdispersion in den Verstärkerabschnitten, die Beeiträchti-
gungen durch  in Fasern mit niedriger  reduzieren können.

Um einen Schritt weiter zu gehen als die alles-umfassende Gesamtheitsverteilung, haben wir auch
die Verteilung der nichtlinearen Störung (gegeben durch die nichtlinear Depolarisierung) innerhalb
des Polarisations-Ensembles mittels analytischer und semi-analytischer Methoden untersucht. Die
Kenntnis solch einer Verteilung is hilfreich bei der Bestimmung des Anteils von gleichartigen Über-
tragungssystemen, die deutlich stärker als das statistische Mittel oder eine vorgegebene Grenze beein-
trächtigt sind, oder alternativ für die Bestimmung des Mittelwertes, der zu einem vernachlässigbaren
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Anteil extrem stark beeinträchtigter Systeme führt.
ZumAbschluss haben wir die Auswirkungen der nichtlinearen Depolarisierung eines Datensignals

in zwei Fällen untersucht, die eine komplett unterschiedliche Herangehensweise notwendig machten.
Diese sind als Beispiele für weitere Arbeiten auf demGebiet gedacht, die zeigen sollen, wie die Kenntnis
der Verteilung der Polarisationszustände und der nichtlinearen Depolarisation benutzt werden kann,
um auf die Beeiträchtigung der Übertragungsqualität zu schließen. Der erste Fall behandelt die -
Übertragung, bei der die optischen Felder benachbarter Symbole miteinander interferieren müssen.
Solch eine Interferenz ist nur möglich, wenn sich die Polarisationszustände ausreichen ähneln. Wir
fanden heraus, dass die Änderungen der Polarisationszustände mit der Zeit nicht schnell genug sind,
um die Signalqualität deutlich zu beeinträchtigen. Der zweite Fall behandelte die Übertragung mit
Polarisationsmultiplex, bei der beide orthogonalen Subkanäle am Empfänger sauber getrennt werden
müssen. Wir fanden heraus, dass die nichtlineareDepolarisation signifikantesÜbersprechen der beiden
Subkanäle verursachen kann. Die daraus resultierenden Beeiträchtigungen können deutlich schwerer
ausfallen als die durch die Kreuz-Phasen-Modulation, sogar bei Übertragung mit dem phasenempfind-
lichen -Modulationsformat.
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ACRONYMS

 autocorrelation function
 autocovariance function
 analog-digital converter
 amplitude-shi keying
 additive white Gaussian noise
 bit error ratio
 cumulative density function
 carrier-suppressed return-to-zero
 continuous wave
 directional coupler
 dispersion compensation module
 demultiplexer
 differential group delay
 delay-line interferometer
 degrees of freedom
 degree of polarization
 differential phase-shi keying
 differential quaternary phase-shi keying
 dispersion-shied fiber
 dense wavelength-division multiplex
 Erbium-doped fiber amplifier
 forward error correction
 free spectral range
 four-wave mixing
 group velocity dispersion
 inter-symbol interference
 International Telecommunication Union
 local oscillator
 multiplexer
 nonlinear Schrödinger equation
 nonlinear threshold
 non-return-to-zero
 non-zero dispersion-shied fiber
 orthogonal frequency-division multiplex
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 optical signal-to-noise ratio
 polarization beam splitter
 partial differential equation
 probability density function
 polarization-dependent loss (also gain)
 polarization mode dispersion
 polarization-maintaining fiber
 polarization-division multiplex
 pseudo-random bit sequence
 power spectral density
 phase-shi keying
 principal states of polarization
 quaternary phase-shi keying
 residual dispersion per span
 root mean square
 reconfigurable optical add-drop multiplexer
 required optical signal-to-noise ratio
 return-to-zero
 state of polarization
 self-phase modulation
 single-mode fiber
 standard single-mode fiber
 standard deviation
 third-order dispersion
 wavelength-division multiplex
 cross-phase modulation
 cross-polarization modulation
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LIST OF NOTATION

(·)∗ complex conjugate of a number
(·)T transpose of a matrix or vector
(·)† complex-conjugate transpose of a matrix or vector∣∣A⟩ 2-dimensional Jones (ket) vector (p. 12)⟨
A
∣∣ conjugate transpose bra vector (p. 12)∣∣ U⟩ Fourier transform of

∣∣U⟩ (p. 32)∣∣a⟩ normalized Jones vector (p. 12)∣∣e⟩ normalized Jones vector which is part of a basis set (p. 12)⟨
a
∣∣b⟩ inner product of

⟨
a
∣∣ and ∣∣b⟩ (p. 12)∣∣a⟩⟨a∣∣ projection operator (p. 13)


[
·
]

time average / expectation (pp. 14, 74)

[
·
]

probability of an event (p. 58)⟨
·
⟩

ensemble average / expectation (pp. 58, 73)
∂nx partial derivative ∂n/∂xn (p. 29)
B accumulated group velocity dispersion (p. 83)
 autocovariance function () (p. 88)
WO
ν walk-off related  (p. 89)
SOP
ν  decorrelation-related  (p. 89)
D degree of polarization () (pp. 19, 78)
 population  (p. 80)
DGVD fiber  parameter (p. 36)
DPMD fiber  parameter (p. 58)
Ĥ birefringence vector (p. 40)
Ĥ× cross-product operator ofĤ (p. 41)
H̄ Jones matrix describing the birefringence eigenstates (p. 37)
−I identity matrix (p. 69)
Lb beat length (p. 39)
LSOPν  decorrelation length of channel ν (p. 98)
LWOν 1-symbol walk-off length of channel ν (p. 33)
−R  ×  rotation matrix (p. 23)
Si Stokes parameter i with i ∈ {, , , } (p. 14ff.)
si normalized Stokes parameter i with i ∈ {, , } (p. 19)
S Stokes vector (p. 21)
Sν⊥ projection of Ŝν onto the plane orthogonal to ŜP (p. 101)



- 

Ŝ state of polarization () in Stokes space (p. 19)
ŜP state of polarization () of the probe channel with mean nonlinear motion removed (p. 75)
−T frequency-dependent unitary transmission matrix (p. 50)
TS symbol duration = 1 / baud rate (p. 33)
−U  ×  unitary Jones matrix (p. 23)
 population variance parameter associated with  (p. 87)
 SOP

ν population variance parameter associated with the  decorrelation (p. 97)
α fiber attenuation coefficient (p. 29)
βn propagation coefficient ∂nωβ (p. 29)
Γ accumulated loss and gain (p. 89)
Δtν walk-off between channels  and ν (p. 33)
Δβ differential phase per unit length parameter (p. 39)
Δβ differential group delay per unit length parameter (p. 49)
ΔΘ differential angle in Stokes space (p. 135)
Δων frequency offset of channel ν from the probe channel  (p. 31)
ϑ spherical zenith/colatitude coordinate (p. 22)
Θ angular deviation of an  from the mean (p. 80)
−Ξ transformation matrix to remove the mean nonlinear  motion (p. 75)
σ i Pauli matrix i with i ∈ {, , } (p. 22)
σ⃗ Pauli vector (p. 22)
τ differential group delay (p. 50)
φ spherical azimuth coordinate (p. 22)
ϕ polarimetric parameter in Jones notation (p. 12)
χ polarimetric parameter in Jones notation (p. 12)
Ω  vector (p. 53)
Ω̄  eigenmode matrix in local fiber coordinates (p. 44)
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